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1. Sﬁppoqe X,. -, X, are independent Normal A{j, 0% random \armblvs Let X, =
Yo X/, 32 SE X~ Xn)z /{n —1). Show that
0 -
e R
(i)

n— 1(S% — a?) d

23 - N{0,1).
2. Suppose Xy, --- . X, are independent randonm variables. where for + = 1. X; has
[{ay, 3) distribution, ;.3 > 0. Let T, = 7 X,.i = 1,--- 0, aud ¥ = :.,;"—*—|.-.' =

i, ,n—1.

{i) Show that Y;,73 are independent, and find their distributions.

(i) Show that when a;,¢=1,--- ,n are known, 1), is a complete sufficient statistic for
3.
(i) Show that ¥, = (Yy,--- ,Yoo) is an ancillary statistic for 3, and discuss wlether
1,0, Y, 1.1, are independent, and find their joiut distribution.

3. Suppose [/}, Uy, - -, Uy, are independent umiform (e, 2 ) randomn variables, where o 3. are
hoth unkiown parameters and o < /7.
(i) Find a sufficient statistics of (a. 3).
(i) Find the method of moments estimator of (r, A). and discuss whether thev are also
a sufficient statistics of (e, 7).
(iii) Assumea is known, find a sufficient and complete statistics for 3. and amiformly

minimuin variance unbiased estimator {UMVUE) hased ou it

4. Suppose X;,..., X, are independent E(A\), A > 0, random variables. If we could not
ohserve the values of X,..., Xy, but the number N of X;,z = 1,--- . n greater than a
constant JMf, M>0je N= Z?:l I{X;SM}- Let p= P(X < ﬂj) =1~ (_?7)“”,

(i) Find the maximum likelihood estimate (MLE) p of p, and its corresponding distrib-
ution function.
(ii) Find the Cramér-Rao lower bound of p. and show that pis also a UMVUE of p.
(iii) Find the MLE of A.
5. Let Xy, -+, X, be a random sample from exponential distribution £{¢) . 8 >0 . To test
the hypothesis Hy : 8 = o, versus H, : 6§ = 8. where #; < 8, are two given constants.
(i) Find an UMP test for testing Hy under significance level o0 < o < L.

(i) Find a level o UMP test for Hy versus H! 8 < 8. and the corresponding power
function.
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1. Find the inverse of the matrix

1 1 2 0
111 1 —v/2 o
W‘”1-1 0 V2
1 -1 0 =2

2. For which s does A4 have all A > 0 (therefore positive definite)?
5 —4 —
A=1-4 s 4.
—4 —4 3
3. If A and B are positive-definite matrices of order m and 0 < o < 1, show that
| A+ (1-a)B|>| A% B|'7e.
Moreover, equality holds only if A = B.

4. Let A and A + I be nonsingular k x & matrices. Show that A~! + [ is nonsingular.

5. Let A be a nonsingular matrix of order n x n, and let ¢ and be n x 1 vectors. If
d'Ale # —~1, show that

Ale)(d' A
s -1 — A-—l " (
(4+cd) 1+ dA-1c
6. Evaluate y
le (% C; “%) , wherea > 0,a # 1.

7. The base of a certain solid is the circular disk z% + 32 < 4 in the zy-plane. Each
plane perpendicular to the z-axis cuts the solid in an equilateral triangle. Find the
volume of the solid.

8. Evaluate

w/2 dx
/0 1+ (tanz)v?

9. Find the radius of convergence and interval of convergence of the power series Y orep 2 (z—
4)F/ In(k + 2).

10. Find the volume of the solid bounded by zy-plane, the cylinder 22 + 42 = 4, and the
paraboloid z = 2(z? + y?).
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(1) Assume {X;}! , are independent U(0, 1) random variables and let { X}, de-
note the corresponding order statistics.

(a) Prove that, for 1 <k <n+1,
PXp—Xpp<a)=1-(1-a)",v0<t<l,

where X, = 0 and X,,;; = 1. (10pts)
(b) Let B = X,y — Xy and M = (X, + X(1))/2. Find the joint probability
distribution of R and M. (10 pts)

(2) Let f{z,y) = 2n(1+2>+32)¥?)7, 2,y € R be the joint probability density func-
tion of (X,Y). Find the following conditional expectation, E(|Y||X = z),z € R.
(10 pts)

(3) Let Xy, X, X3, Xy be i.i.d. N(0,1) random variables. Find the moment gener-
ating function of Z = X1 X5 + X3X4.(10 pts)

(4) Let X be a random variable with finite nth moment,; that is £{X") < co. Prove
that E(X™) = n(f;° 2"~ (1 — F(z))dz — f° +* ' F(z)dx).(10 pts)

(5) Let f(z,y) = LelolWi(1 + gye 2B — gye=ie=2) 7.y € R denote the joint
probability density function of X and Y.
{a) Find the marginal distribution of X .(10 pts)
(b) Show that X and Y are not independent. (10 pts}

(6) Let U be a U(0,1) random variable, and let X = sin (2nU),Y = cos (2nU).
Find Var(X + Y).(10 pts)

{7) Assume that X and Y are independent Gamma (1,1) random variables. Find
E[(X +Y)%. (10 pts)

(8) Let Xy, X, - be a sequence of i.id.random variables with E(X;) = p and
Var(X;) = o Let N be a Poisson(}A) random variable that is independent
of the sequence X;,i > 1. Express Var(3 N, X;) in terms of u, 0% and A.(10 pts)
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Ten points for problem 1, and 15 points for each of problems 2 to 7.
Please write down all the detail of your computation.

1. Evaluate lim, (7" 4+ /10 n)lf_n.
2. Evaluate [ dx where a # 0.

L
rv/a+br
3. Show that f(x) = 2% — 2 has an inverse function ' on (0, 0c) and find (f~1)(6).

4. Solve the differential equation xy/(x) = 2zxe ¥®)/® 4 y(z) with y(1) = 0.
5. Find all values of p such that 3", L{lnn)"? converges.

6. Discuss the continuity and differentiability of

i £y
— -y
f(z,y) { 0% & =y

in R2.

7. Let f(z,y) = /4 — 222 — 2% and g(r, t,8) = (r costB, r sintf). Use chain rule to compute the
gradient 7 £(g(r, ).
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Numerical Analysis Entrance Exam. for the Master Program 2008

If vou think thai o problem has been stated incorrectly, indicate vour interpretation in
vour solution. In such cases, do not interpret the problent in such a wayv that it becomes
trivial.

(a) [10 points| Describe the binary number system for real number,

(b) {10 points] Describe the computer’s Hoating-point number system.

(¢) {10 points] Describe the cancellation error in computer’s arithmetic operations.
2. (a) [10 points] Assume that f € C*"'ig 0], and £ is known on n+1 points {x; 1 0 <

¢ <}, where a < 2y < 2y < -0 < 1, < 0. Show the Lagrange interpolation
formmula for f.

{b) [10 points| When 7 = 2 (Quadratic interpolation) with o = 1.0, = Fy Ay =
I+ o= b Show that
(I
0v3

where p2(f; @) is the Lagrange incerpolation polviiomial and [l 18 the sup-norn,

= p2(fa)lle <

3. (a} 110 points] Let /2R — R he a real value function on real nwnbers. Define the
o ] J
condition number of f and explain the meaning of condition number.

1

1 l

(b) [10 points] Let 3, = / P di. Prove y, = —5Biyp | + i E=1,2....
Jog bTd Y

(¢} [10 points] We propose to compute 4, recursively by relating o, to .. Therefore
we have a problem f R - R, and y, = £, (o). Prove that the condition numbor
of [, poes 1o infinity as o goes to inlinity.,

4. {20 points] Use Two-point Newton-Cotes anil two-point Gauss formulas Lo ApProxi-

mafe .
/ R () .
S

where s continuous veal value function on {0.1] and the two prescribed nodes in the
Newton-Cotes forinula are taken to be the endpoints.

END -
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1 (14 points) Let A, B be two n x n matrices. Prove that A and B are row equivalent

if and only if there exists an invertible matrix € such that CA = B.

2 (14 points) Suppose A is a symmetric matrix, and that X, # )\, are eigenvalues of
A. Prove that any eigenvector #; corresponding to A, is orthogonal to any eigenvector

¥y corresponding to Ag.

3 (14 points) Suppose W,V are subspace of B*, dim(W) + dim(V) = n and that
every vector @ of W is orthogonal to every vector @ in V. Prove that for any vector #

of ", there is a unique vector & of W and a unique vector 7 in V such that & = @+,

4, (14 points) Suppose B = (12,3,1],(1,2,0],[2,0,3]) and B =
([1,0,0},]0,1,0],[1,1,1]) are ordered bases for R®, Find the change-of-coordinates

matrix from B to B,

5. (14 points) Define T on B® by T([x1, 23, 73]) = [z1, —Bzy + 32 — 523, 20 — 23]

Find the eigenvalues and the corresponding eigenvectors of 7.

6. (15 points) Let W be the subspace of R* spanned by [1,0,1,0],[1,1,1,0] and
[1,-1,0,1].
(a): Find an orthonormal basis for W;

(b): Find the projection of [1,1,1,1] on W,

7. (15 points) Prove that if A is an n X n complex matrix, then there is a unitary

matrix U such that "' AU is upper triangular.




B d LA207TLEEm-LIIEAEFERRE

HE P SEMM S (BxisaEEsa] *

— A %X

Solve all the problems. Kach problem carries 20 points

1. Define f: R" — R.

(a) Show that if f is differentiable at x € R"™, then f is continuous at x.

(b} For n > 1, give an example to show that the converse of (a) is NOT wvalid.

2. (a) Prove that if a sequence {a,} in R such that the subsequences {as,} and
{azns1} are both convergent to a, then the sequence {an} is convergent to

a.

{b) Prove the following Taylor expansion theorem at zo = 0:
If 7 is C**! on the interval I = (—a,a (a > 0) then for any z € I,
N — ' FR )" (k+1)
f(i)—f(0)+f(0)5f7+"'+—"— f i)z - )" d
3. Show that if f: R —» R is continuous such that for any z,y € R,

fla+y)=flz)+ fly),

then there exists some a € R such that f(z) = az forany z € R .

4. Define f,: [0,1] — R such that

Julz) = nr 41
(a) Show that f, is uniformly convergent to f =0 on [0, 1].

(b) Evaluate f!(x). Find a function f such that f,, converges to f pointwisely.

Is this convergence uniform?
5. In the system
—z+ytu-v" = 0
r+y+ud+* = 0.

Discuss the solvability for w,v in terms of z,y near the point (z,y,u,v) =
(1,1,—1,—1). Also, evaluate 3“(1 1}, if exists.

End of Paper
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In the following, C is the set of complex numbers, R is the set of real numbers, and 1
is a square root of —1.

Problem 1 Let g: C — R and f : C — C be continuous functions with ¢g(0) = 0.
Assume that |g(z)| > |z| and f(z) = |sinz| - g(z) for all z € C. Prove that f is
differentiable at 0, and that f is not analytic at 0. (20 %)

Problem 2 Let 2 be a nonempty open connected subset of C, and let f : Q@ — C be
an analytic function. Prove the following statements.

(i) If there exists r € R such that |f(z)| = r for all z € §, then f is a constant
function on £2. (10 %)

(ii) . If | f(2)]2 = 6{f ()| — 4 for all z € 2, then f is a constant function on . {10 %)

Problem 3 Let ¥(#) = 3¢* for 0 < 8 < 2r. Evaluate the following integrals : (20 %)

. dz . e
(i) /T 28 -T2 4142 -8 (i) [f z(z — 2)3 dz

Problem 4 Let f(z) = z(z—1)7? for z € C with z # 1. Prove that if 0 < < 1, then

1 2

2r fo

T

{1 —
e db = "

(10 %)

Problem 5 Use the Weierstrass M-Test to prove that the series

2iz

o0

> L5
6n2 + z

n—=1

is uniformly convergent on the set Q = {z € C: |2+ 2~ i < 2}. (15 %)

Problem 6 Let () = e™® for 0 < # < 2, and let

ztl

f(z)= 3 +cosz for z € C— {2, —2}.

2

Evaluate the integral f 27T f(z) d=. (15 %)
v



