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Master Entrance Exam- Statistics, 2007
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(1) Let X be a random variable with the density function f{z) = x5z >
0; f(z) =0,z < 0.
(2) Show that P(X > A) = Tizd e 25, (10pts)

(b) Use the result in (a) to establish a relationship between sum of exponential
random variables and Poisson process.(5 pts)

(2) Consider the random variable X with density function f(z) and characteristic
function ¢(t) = e ¥, ¢ € R. Use Inversion formula, that is f(z) = 5 [° e"™¢(t)dt,
to determine the probability density function f{z). {10 pts)

(3) Let Xy, -, X, be lid Uniform(0,a) random variables, and let Xy, -, X( de-
note the order statistics. Let B = Xy — Xy and V = (Xgy + Xmy)/2.
(a) Find the joint probability density of B and V.(7 pts)
| (b) Derive the marginal density of V.(8 pts)

(4) Let X3,:+, Xom1 be an iid sample from a double expenential distribution with
density function f(z¥) = 2e7P %, —c0 < & < c0.

(a) Is the method of moments estimate of ¥ an unbiased estimator 7(5 pts}

(b) Derive the maximum likelihood estimate (m.l.e.) of 9.(10 pts)

(5) Let X,--,Xn be a random sample from an exponential distribution with the
density function f(z|9) = ve .

(a) Derive a likelihood ratio test of Hq : ¥ = ¥ versus Hy : 9 # g with
significance level o.(7 pts)

{b) Show that the rejection region of (a) is of the form [X < xo] U [X > a4,
where X is the sample mean of the sample and explain how to determine
xp and z; from o.(8 pts)

(6) Let X;,---, X, be an iid sample with the following pdf f(z|a) = 422, -1 <z <
1and ~1 < & < 1. Let & denote the method of moments estimate of o and &

denote the m.le. of .

{a) Use the Fisher information number to approximate the variance of the mle,
4 Var{dsg).(7 pts)
| (b) Find the ratio of the variances of the two estimates, that is %:_E%il) for
o = 0.5.(8 pts)

(7) Let Xy, ---, Xy, be aiid random sample with the following density f(z) = 92°~*,0 <
x <l

(a) Find the distribution of T,,(¢#) = —20 37_, log X;.(7 pts)
(b) Use (a) to find a confidence interval for ¢ with confidence coefficient 1—c.(8
pts)

LS




Barv LAZ6RFEALHR L LR
e RER (B4 aE+57a)

LIBENE

F+A > HAL0Y « B0 > HRALIAE T HERF PR

1. I 12 people are to be divided into 3 committees of respective sizes 3,4, and 5, how
many divisions are possible?

. Two dice are thrown n times in succession. Compute the probability that double 6
appears at least once.

3. A and B alternate rolling a pair of dice, stopping either when A rolls the sum 9 or

when B rolls the sum 6. Assuming that A rolls first, find the probability that the
final roll is made by A.

4. The probability of being dealt a full house in a hand of poker is approximately .0014.

Find an approximation for the probability that in 1000 hands of poker you will be
dealt at least 2 full houses.

5. Twelve percent of the population is lefthanded. Approximate the probability that

there are at least 20 lefthanders in a school of 200 students. State your assump-
tions.

6. Suppose that A, B, C, are independent random variables, each being uniformly dis-
tributed over (0, 1).
{a) Wha is the joint cumulative distribution of A, B, C?
(b) What is the probability that all of the roots of the equation Az? + Bz +¢=0
are real?
7

. If 10 married couples are randomly seated at a round table, compute the expected
number of the number of wives who are seated next to their husbands.

8. Let X be a nonnegative random variable. Prove that

10.

E[X] < (EDC)Y < (BIXH)Y < ...

Let X have the negative binomial distribution with pmf

flz) = (Hz”l)p’(l—p)f, z2=0,1,2,...,

where 0 < p < 1 and 7 > 0 is an integer. Calculate the mgf of X and use mgf to
find its expectation.

Suppose X and Y are independent N(0,1) random variables. Find

P(X24+Y?2< 1)
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1. (159" BHTAIM 2 7

X1+ 2T — 223+ 1y + 305 = 1
2% -+ 509 — 3wy — 3y + Jxp = 2
—3z: 8y + 6z — 3y — By =1
T3+ 22 — %3 — 334 — 325 =1
521 + 29 + T3 — 2434 + 825 = 2

2. (30%") Let A, B be n x n matrix. We denote the rank of matrix X by rankX. Prove or
disprove the followings:
(a) rank(A + B) < rankA+ rankB.
(b) rankAB > rankA+ rankB — n.
3. (204) EMFAAFE (): 2X -V +Z=0,(I): X +Y — Z =0
L
(a) (1) Sihtey 7R,
(b) # (I} R85 5.
(c) Sudt (I) S, ¥ (T) RME97M.
(d) (c) HRREAME —In e, HRISZ Gl AR

100
3 6B

4. (154 £ [5 5

5. (209) W&k 322 + 10zy + 3y* = 16 2 AH,




| B LR2962FEALIEELRRA
FHE C BESW (EximELEa]

2lus Ix

Entrance Exam of Numerical Analysis for the Master Program of Scientific Computing

Tull marks are 100; questions with the marks are indicated.

1. (15) Give the definitions of convergence and stability of numerical methods, address their
differences and relations, and provided simple examples to ilustrate them.

IL. (1B) Prove

b
([ wsE@s@ay < ([ wf @i [ @) &

where w > 0 on [a, b].

111 (16) Give the trapezoidal and midpoint rules for the integral, I = % f(z)dz. Show that
when f*(z) > 0 on [a,b], the approximate integrations by the trapezoidal and midpoint rules
are the upper and lower bounds of I, respectively.

IV. (16) Let the linear algebraic equations be Az; = b;,1 < i << n, where A € Rv
z; € R* and b; € RB*. Suppose that matrix A is positive definite and symmetric. Give the
Choleski method for solving them, provide the computer storage needed and the order of CcrPU
time, with respect to n.

V. (20) Give the Newton iteration method to evaluate va, a> 0, and then use Language
or Fortran to write a computer program, In the program, choose 1 as the initial approzimation
of \/@, and the termination condition of the iteration that the initial errors of the residuals are
reduced by a factor $107°.

V1. (20) Consider the Poisson equation with the Dirichlet condition,

u Pu

5£§+3_3;2:f in 5, u

9g = 9" (2)

Let the partition meshes of S be uniform. Give the five-point interior equations by the finite
difference method (FDM)}, and derive their truncation errors.

End
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Ten points for problem 1, and 15 points for each of problems 2 to 7.
Please write down all the detail of your computation.

1
2

. Evaluate f; Inz dz.

. Evaluate _
d [
— 1+Int dt.
dz log _ &
£
. Evaluate lim,,_,o,(n? 4 n)¥° 7,
. Solve the differential equation (z% — y?)dz + 3zy dy = 0.

Fix ¢ > 0, find the intervals of convergence for series f(z) = Y o0, L‘—IC,,MI%E, F(x) and
] Flade.

. Differentiate x -+ sin(y + z) = 0 implicitly to find all second order partial derivatives of z with
respect to x or y.

Use iterated integral in dzdy and dydz orders to find the area of the region bounded by
zy=9y=xy=0andz =9
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BT 4 (&445 20 %) Answer all following questions (each carries 20%):

PR MR AR
(1) 3 o, = ¢i%ﬁaﬂajﬁnzzﬂ%{%}&ﬁ)ﬁﬁﬁ&&ﬁ
(2) LG EH f,0:(0,1] = [0,00) %2

]

sup f(z) = sup g(z).
0<z<1 0<a<l

WIAEL [0,1] F 8 £ 445 F(2) = g(t)
(3) IEBATA A 454045 B

‘,52 yz
prR i
B AR R K @ik B0,
(4) K45k
,_L.2 y2 z2

Gtmta=l
B A Smabe.

(5) (a) K f(x) =z & [-m 7] LOOZ AR .
(b) 3£ :

21
PR

n=1
¥ 2 He 1R AR
(1) Let 0y = v/2; and a,, = /Zan7,¥n > 2. Prove that {@n} converges, and find the
limit.

(2) Suppose the continuous functions Frg:00,1] = [0, 00) satisfying
sup f(z) = Sup g{z).
<zl
Prove that there exists a ¢ in [0, 1] such that f(@) = g(®).

(3) Prove that the maximum area among all triangles inscribed in the ellipse
: 2 2

T Y
5tz o 1
is 3T‘/§ab.
(4) Prove that the area of the ellipsoid
2 2 e
=+ 4 i

is 3mabe.

(5) {a) Find the trigonometric series expansion of the function f(z)

=z on [—m, 7).
{b) Prove that

= —
o G
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Answer each of the following problems. Each of them carties 20 %. Show details of

lhe your work. Below i stands for =1 and » = +1y stands for a complex number.
(1} (a) Show that g(z) = |22 is not analytic at any point in C.
(b) Sketch the image of the level curves y=0, 3, § for the function f(z) =
€05 7.,

(2) (a) Derive the Laurent series of the function f(z) = *'—“Z"f-!

(b} Derive the Laurent series for the function f{z) = (2*—1)1(5—7) in the domain

O<le=1l<2and0<{z—3 <2,
{(3) (a) Suppose f is entire and [f{z)] < z| for all z € C. Show that f{2) = az
where |a| < 1.

(h) Let By ={ze€C:0 < Iz < 1}, and let f : By — € he an analytic
function. Assure that S is bounded on B;. Show that z = 0 is an

removable singularity of f.

(4) (a) Let f(z) = —fj:*;‘_}g - Show that Res, ;f(z) = =t and Res, i f(z) = e

(b} Hence or olherwise, evaluate the integral

ve Qp?
] — .
—oo 24+ B2 + 4

(5) (a) Show that if hoth R and § are fractional linear transformations, then so
is Nod.

(b} Find a conformal map that takes {zeC: 0<cargz </ 8} onto the unit

disk.

End of Paper






