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1. Solve the following system of linear equations

i
=

T — 2y + =z
2r + y — =z
dr — 3y + z = 2

it
I

2. Let A be a m x n rcal matrix. Show that tr{A” A} = 0 if and only if A is a zero
malkrix. '

3. Let A be a nonsingnlar matrix, x, y two column vectors and c a scalar. Show that
Ay
€

x’[‘

=]Al(c—xTA y).

4. Let Q be a positive definite symmetric n x n matrix. For any column vector x there
holds
(x"x)? N 4a0A
(xTQx(x"Q'x} ~ {a+ A)?

where a and A are, respectively, the smallest and largest cigenvalues of Q.

[ sin(i3) de

5. BEvaliuate limg.o T’!‘W
0 Sin

6. Use one method of calculus to approximate /10 with an error of less than 0.1.

-1

The circular disk (z — 2)? +y* < 1 s rotated around the y-axis. Find the the volume
of the doughnut-shaped region generated.

8. Find the radius of convergence and interval of convergence of the power series

S
Eo In{k+2)

9. Let the curve C be given by z = t? and y = #*. Calculate the length of the arc from
=0tot=3. :

10. Evaluate

i -
————dxdy.
f-/:rz-!—yzgl 1+ 2% +1y2 Y .




B L b Kt = AR R A A AR

% [ R %/ F

#e  BE& [EMBLAELH Fal

(1) Let X; denote the sales to the ith custoner of a certain market. Assume X,'s are

(2)

(3)

(%)

randoimn and are indepeﬁdeut from customer to customer, with E(X;) = 25 and
Var(X;) = 20,V i = 1,2,---. The number of customers, &, in a day is assumed
to be independent of Xy, Xy, - -+ and follow a Poisson distribntion with mean of
100 custowners, that is .

6—100(100)1' .

PN=10= i=0,1,2,---.

H
Find the variance of the sales in one day, namely Var(Sy) where Sy = X; +
X;; + - XN.(15 pl-S)

A random variable X is said to have a lognormal distribution, if the logarithm
of X has a nortnal distribution. Let X, Xy, -+, X, be iid lognormal random
variables, thus ¥; = In X; ~ N{u,0%). Use invariance principle of maximum
lilkelihood estimation to find the maximum likelihood estimators of E(X;) and
Var(X;).(15 pts)

Let {X;, X2} be a two dimensional discrete random variable with probability

function:

ifwg=1,2,---,z,andz; =1,2,---, k
le.xz((vl,iﬂz) - Bk ti) . .
0 otherwise,

for a given positive integer k. Find the covariance of X, and X5.(15 pts)

Let Xy, Xa, -, X, be iid aniform(0,1) and let Xqy, Xz, -+, X() denote the
order statistics. Delfine the range as I = Xy — X1, and the midrange as
Vo= -\Jﬂ;ﬂl Find the margianl probability density functions of B and V),
respectively.(20 pis) :

Let X,, Xs, -, X, be iid binomial(k,#) random variables. Find the uniformly
minimum variance unbiased estimator (UMVUE) of the parameter 7(¥) = kd(1-2

9)%=1 which is the probability of exactly one success. (15 pts)

Suppose that @ is a raudom variable that follows a gamma distribution with the

following density function:
Ua—](_.-ﬂ .
o) = | i Pro=0
0 for & < 0,

where a is an integer, and suppose that conditional on @, X follows a Poisson
distribution witly parameter @, Find the unconditional distribution of ee+ X and
establish the relationship between P(© < 9) and (X 2 of@ = 7).(20 pis)
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# B

B d W RS F R AP A AN
\ig“ﬁﬁ%\\ %%X(])CC HER) 4%/%;1/}5

Linear Algebra (% : EEEFBVRRVEERE BRI )

Let R be the set of all real numbers and Mmyn(fR) be the set of all m>n matrices
over .

1. Let F={{x,y,2)e R>: xty+z=0}. Define a vector addition *“+”" and scalar

multiplication “**” for I such that (F,+,*) is a vector space over R. (15%)
2. Suppose (a,b,c} and (d,e f} are linearly independent on R3. Prove that (x,p,z) is a

X y E
linear combination of (a,b,c) and (d,e)f) if and only ifdet| @ 5 ¢ |=0. (15%)
d e f

3. Suppose T is a linear transformation from R"to R and the dimension of the

image of Tis & To show that there exist ordered bases « and f such that the

matyix representation of T with respect to o and /3 is a diagonal matrix D=(d};)

where d;=i for i < k, and d;=0 for n= i >I. {15%)

4. Suppose A € M,(IR). Prove that there exist an orthogonal matrix Q and a Jower-
triangular matrix L such that A=LQ. - (15%)

-5. Determine each following statement eitler is true or false. If true, prove it; if false,

give a counlerexample. (8%x3)
(a) Suppose A € M,.,( R ) and there exists ke {2,3} such that A'=A  Then Ais
diagonalizable.

(b)Suppose A , Be M,,(IR). If A and B have same mintrmal polynomial then they
have the same Jordan canonical from.

has at most two eigenvalues.

I ¥

(c) If s then the matrix g
r 5

y 1

F ¥
§ F
§ 5
5 5
(d}IfT is a one-to-one linear operator on a vector space ¥ then T is onto.

(e) Suppose mm#n and A€M (R ). Il the linear system A x =) has a solution, then

the number of the solutions for the linear system is infinite.
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Enirance Exam of Numerical Analysis for the Master program

Twenty poiats for each problem. Please write down all the detail of your computation and
answers.

1. Describe convergence and stability for numerical methods, give relations between them,
and provide exainples to explain your answers.

2. Suppose that there exists a root of f(z) =0, and 0 <m < f/(z) € M. Prove that

:En-}-l = :_Bn - Af(E")
yields the convergent sequence {,} to the root for arbitrary xq € (—co,00) and 0 < A < 2/M.

3. Give the trapezoidal and midpoint roles for the integral, { = f: JS(z)dz. Show that when
F(x) > 0 on [a,b], the approximate integrations by the trapezoidal and midpoint rules are the
upper and lower bounds of {, respectively.

4. Derive the error bounds for the trapezoidal rule in two dimensions:
bk hik .
L] st n)dady = S0, 01+ 9(5,0)+ (0, &)+ g(h, b))

5. Given an original image {¢;;} and other two images, {ui;} and {v;;}, consisting of 256
x 256 pixels with 256 greyness levels. Form a linear combination

{wi;} = ofuij} + B{oi}.

Provide a numerical method to seek the parameters o and § such that the combined image
{w;;} is best approximate o the original image {dy;}.
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Entrance Advanced Calculus for the Master program

# Twenty poiuts for eack problem. Please write down all the detail of your computation and
auswers.

1. Prove . , . :
{fa wf(z)g(z)da)? < {fa wfz(a:)dx}{j; wg(x)dz},
where w > 0 on [e, b].

2. Determine whether the follewing singular definite integral is convergent or not,

jw de
. zlnzinllnz)
3. Find the sum of the limit

m {

lj n 7L
m { ———
n-+00"p? + 12

+nz+2

2+ +n2+n2)

4. Evaluate the integral on three dimensions,

I=/fj;(:¢2+y2)dv,

where the integration region £ is surrounded by the rotating parabola z = 2% 4 y? and the
plane z = 1.

5. Prove that the functions #* cos né and »” sin né satisfy the Laplace equation,

Au

6211
= Ba?

62
G:

where (r,8) are the polar coordinates, 2 = rcosf and y = rsin & .




@

P LABENT L2 EE LIS A KR

%ﬂqﬁi%ﬁ (B2E T v Rl 2 /R %R

In the following, C is the set of complex numbers, IR is the set of real numbers, and i

is a square root of —1.

Problem 1 Let C = {z ¢ C: Itzléll

center and radius. (10 %)

= 2}. Prove that C is a circle, and find its

Problem 2 Let  f(z)=|1—cosz| for z € C.
(i) Prove that f is differentiable at 0. (10 %)

(ii) Prove that f is not analytic at 0. (10 %)

) 1
Problem 3 Let v{(f) = 2¢* for 0 < 8 < 4. Evaluate : f dz (10 %)

v (22 + 1)(z - 3)
|dz]

Problem 4 Let y(6) = 3¢ for 0 < # < 27, Evaluate

Problem 5 LetQ = {z € C: 0 < [2] < 3}, and let f : & — C be an analytic
function. Assume that |f{z}| < 3 for J2| = 1, and that |f(z)] < 12 for |z} = 2. Prove
that |f(z)] < 3|zf> for 1 < || < 2. (15 %)

Problem 6 Let T be a Mobius transformation. Assume that T(1) =i, T({) = 2,
and |T(2)f = 1 for all z € C with |z{ = 1. Find the transformation T’ (15 %)

Problem 7 Let f: {2 € C: [z] <2} — {2 € C: |z| < 1} be an analytic function
with f{i} = 5 Prove that if |z| < 2, then

Br) 1 _ 20— .
-G = Tval us %




