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1. Consider the quadratic surface S: 32?2 — 2zy + 2wz + 3y — 2yz + 322 = 1. Answer the
following questions.

(a) If we write the quadratic form as (z,y, 2)A(c,y, z)" =1, where (z, v, z} is a row vector,
{z,y,2)7 is the transpose of {x,y,2) and A is a 3x3 symmetric matrix. Find the matrix A.
(5 points)

(b) Find all the eigenvalues of A. {5 points)

(c) Find the corresponding eigenvectors of A. (5 points)

(d) Find an orthogonal matrix P such that PTAP is a diagonal matrix with the eigenvalues
of A on the diagonal. (5 points)

(e) Consider the problem of finding the distance from the surface S to the origin (0,0,0). -
The problem is equivalent to finding the minimum value of f(z,y, z) = 2* + 4 + 2 subject
to the condition 3z* — 2xy + 22z + 3y? — 2yz + 322 = 1. Show that the problem is the
same as (b) that if the eigenvalues in (b} are Ay, Az, Ay, then the solution of this problem is
_n]in{Al"]/?‘,Ag_llg,/\3"1/2}. {15 points)

(f) Give a geometric explanation from the point of view of {d). (5 points)

2. Consider the function f(z) = €37, if 2 £ 0, and f (z) = 0if z = 0. Answer the following
questions.

(a) Find f/(1). (2 points)

(b) Prove that f'(0) = 0. (5 points)

(¢) Prove that f(0) = 0. (5 points)

(d) Prove that f®(0) =0, ¥n > 1. (8 points)

Y
3. Consider a semi-circle arc C' and a semi-circle area R (sce the figures below). Answer the
following questions.

(a) If C is homogeneous, find the center of mass of C. (10 points)
* (b) If the density at (z,y) in R is proportional to z* -+ y?, find the center of mass of R. (10

points)
- oA, 18| %
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4. Answer the following four questions.

(a) Find the integral jj x Inx dx. (5 points)

(b) Find the value limy, 0 37%., ;2732 (6 points)

(c) Describe a method of how to estimate the integral f 3 e=55" Iz to a certain aceonracy. (5
points)

(d) Describe how to use Simpson’s rule to estimate In2. (you need to find a definite integral
that represents In2). (5 points)
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Let Xy, -+, X, be asample from /{9, 1) distribution and denote the order statis-
tics by X1y, X2y, -, Xny. Find the mean and variance of the kth order statistic
X{k). (10 pts)

Suppose that X, Xy, .-, X, are iid random variables with density function
f(z}¥). Find the maximum likelihood estimates of @ for the following two cases.

(a) flald) = e™@ 9,0 > ¥;= 0, otherwise. (10 pts)
(b) flz]9) = 2e7 ¥ 0o < 2 < 00 for n = 2m + 1. {10 pts)

Let Xy, Xy,---, X, be iid sample with the following density function (a Rayleigh
distribution) f(x]d) = He~ 7,2 > 0 with parameter ¥ > 0. Find the Cramer-
Rao lower bound on the variance of any unbiased estimate of 9. (10 pts)

Suppose X is a gamina randoru variable with probability density function f(z) =
ng)ﬂln /8 2 > 0. Using moment generating function, show that as o — 0, XTQ‘}E
tends to standard normal distribution. {10pts)

(a) Let Xy, X, be iid U(1,3) and set ¥ = X1X2. Find the probability density
function of Y. (10 pts)

{b) Suppose that X is a U(0,1) and set ¥ = logX If Y,_jl =1,2,.--,n are
independent random variables dlbtubuted as the random variable ¥, find the
probability density function of 35 Y5 (10 pts)

Let Xj, -+, X3 be gamma random variables with parameter o« = 10 and 8
unknown (see problem 4 for the density function). Censtruct the most powerful
test of the hypothesis Hy : § = 2 against the alternative H,: 3 =28, at level of
significance 0.05. (10 pts)

Let X,,---, X, be iid random variables from N{u,o?) with o2 unknown and U
known. Find a UMVUE (uniforinly minimum variance unbiased estimate) of o.
(10 pts)

Let 71 and Ty be sufficient statistics for 9, and suppose that Ty = ¢{11) for some
function g. Let U be an unbiased estimate of ¥, and let V; = E(UM), Vs =
E(V\|T3). Show that Var(Va) < Var(V). (10 pts) '
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1. The probability of winning on a singte toss of the dice is p. A starts, and if he fails, he passes the
dice to B, who then attempts to win on her toss. They continue tossing the dice back and forth

until one of them wins. What are their respective probabilities of winning? (104r)

[\

. Urn 1 has five white and seven black balls. Urn 2 has three white and twelve black balls. We flip
a lair coin. If the outcome is head, then a ball from urn 2 is setected. Suppose that a white ball is
selected. What is the probability that the coin landed tails? (104-)

3. Suppose the density of X is given by
-xf2

. loe z >0
S :
Ha) { 0 otherwise

Calculate the moment generating function and find- E{X], and Var(X) by the moment generating
function. (204)

4. Evaluate (154)
) 3 T nic
lim ™" 7T
n—00 = k!

5. Let X, X, X3 and X, be independent continuous random variables with a common distribution

function F and let
P = P{X1 <Xo>» X3« JYA}

(a) Argue that the value of p is the same for all continuons distribution functions F. {74
(b) Tind p by integrating the joint density function over the appropriate region. (747)

(¢} Findp by using the fact that all 4! possible orderings of X\, ..., Xy are equally likely. (64)

6. If X and Y are independent Poisson vandom variables with respective parameters A; and Ag,

calculate the conditional distribution of X, given that X + Y = n. (154)

7. Let X be a continuous nonnegative random variable with density function f, and let ¥ = X*. Find

fv, the probability density function of ¥. (104}
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L. {104) 3 0H Cramer’s rule, ig, let
a2y + Qps e 4 QT = bi) 1= 112:' XL’

and suppose that the coeflicient matrix A = (a;) of the above system of linear
equations is invertible. Prove that z; = d—;g—/—;—il, where A; is the matrix obtained from
b

2

A by replacing the i-th column of 4 by
b'".

2. (30%) Let = (_]—: 1: 07 173)) Qg = (1} 11 1?0) 5)) ey = (1: 3) 2) 1?7)) ey = (0: 0:0) D: 1))
.Bl = (033) D) 1:0)) 62 = (_31 J-) _'}-1 23 2)9 63 = (0) _4: ]‘: 0) 1)1 ﬁ‘l = (_1; D; 0: 1;- 1) €
RB5. Suppose that M; is (linear) spanned by ), as, cs, cq, and M, is spanned by
By, 82, Bs, Bu. Find the dimension and basis of the spaces M;; My M) -+ Ay and
My, 0 M.

3. (154) Let A, B € M,..(R}. Prove that rank{4 + B) < rankd+ rankB, where
rank X means the rank of X € A, (I¥).

4. (155) 1Ly, Lo ABRSZ UHH > Al B A A4RaT 8L M AHL #
A B8 Ly At AR A B MR T ERE o HN R AR HEN  HR
s g At By o

5. (15497) 4T £AER® #(1,2,2) B9, S0FstF @2 00° 2 b 83, LT AR
#e Ik R ey, ep, 03 T A BLAE

6. (15450) KmX1(t), Xa(t), Xs(t) % 2

Xi = .Xl“'Xz""Xg,
X, = —Xi+Xo— Xs
Xé = —Xl—Xg -I—Xg

where X| denote the derivative of X;.
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1. l T—{E———Hdl' =

2.0 flae) = {;‘\/% then (f~1)'(0) =

- J'*'Z tinldt .
3. The value of ling. e T—5— 18
o0 x

4. The gencral solution of J.':—:;‘i_ — 2y =z i

5. Let C be the circle 2* + y? = 16, then

yg (y+ V1 +22)de+ {dx — ") dy =

3 3 a3 A (60%0) (Gy 3 i 42)
1. Prove that |cosx — cosy| < |z —y| for all z and y.
9. Find the area Lbounded by 2 i+ ﬁ =1

3. A manufacturer drills a hole through the center of a metal sphere of
radius 10 e, the hole has a radius of 6 cm. What is the voluime of the

resuliing ring?

4. Find the positive values of p € R for which

= 1
Z k(Ink)?

k=2

CONVEIRES.

5. Find the highest point on the curve of the intersection of #2 +y° +z2 =
36 and 20 +y —z=2.

6. Let z = © +4y be the complex variable. Consider the function u defined

in R? by
gy = B P (50 200
ulz,y) = .
v 0, for (z,y)=1{0,0}
Show that
o2, 2,
(1) % + gy_t: = 0 everywhere in R”.

(2) w is not continuous at the origin.
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Twenty points for each problem.  Please write down all the detail of your computation and
AISWCTS.

1. (1)Why a subtraction of two close floating point munbers is unstable? Please give an example
to illustrate it,

(2)For very small number & = 0, how to compute ¥z + ¢ — ¥/ and sin(2 1 &) — sinz to avoid
unstable substraction.,

2. (1)Under what conditions will a fixed point iteration
Ly — g(mn—l)nn = 1>2) e
converge?
(2)Let a > 0. Show that the sequence

o Tp—1

a
2 29;13—1

converges to +/a for all 2y > (. What happens if 2y < 0?7

(I

. Derive the composite trapezoidal rule for nnmerical integration with error formula.

4. Let A be an.n X n nonsingular matrix and B be an n x m matrix. State the fast numerical
method to compute (1) determinant of 4, (2) A™'B. How many arithmetic operations are
needed in (1), and what is the miniimal memory needed in (2)?

Let A be an » % n nonsingular malrix, x and % be the exact and nunnerical solutions of Jinear
systenl Ax = b respectively, and the residual r = b—A%. Show that

o]

bl
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where x{A4) is the condition nunber of A. Interpret the meaning of this crror analysis and
explain wlhy it is important.
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ANSWER ALL 4 QUESTIONS, EACH OF WHICH CARRIES 25 POINTS.

{1} (a) Let {2,} be a Cauchy sequence in a metric space X. Suppose that

{za} has a convergent subsequence in X. Prove or disprove: {z,}
itsell converges in X. (15%)

(b) State and prove the Bolzano-Weicrstrass Theorem for real numbers,

(10%)

(2) Let I(z) = [ t*~ Y=t dt for z > 0.
(a) Show that P(z + 1) = 2(z), = > 0. (10%)
(b) Find [(3.5). (15%)

(3) This problem is about the Fundamental Theorem of Calcutus. Let f be
a continuous function on the finite closed interval fa, b].

(a) Show that £ [ f(t)dt = f(z), = € (a,b). (10%)
(b) i F* = f, show that [} f(t) dt = F(b) — F(a). (15%)

(4) (2) Find the limit lim; ,)_,0.0) i if it exists. (10%)

(b) Let f(z,y) = a7 i (z,y) # (0,0) and £{0,0) = 0. Is f differentiable
at (0,0)? (15%)

END OF PAPER
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Answer each of the following problems. Each of them carries 20 %. Show details of
the your work. Below i stands for /~1 and z stands for a complex number.

(1) (a) Show that g(z) = |z| is not differentiable at any point. {10%)

(b) Find a harmonic conjugate for the function u(z,y) = 2* — 32y +y .(10%)

(2) Let f = u+iv be an entire function such that au + bv > ¢ for some g, b, ¢ € R.

Show that f must be a constant. (Hint: Find a snitable nonconstant entire

function g such that e/=) ig constant.) (20%)

(3) Evaluate the following contour integrals where the contour y= {z € C: |z =

7}, positively oriented
(@) J, g2 d s (10%)
(b) f,tan2zdz . : : {10%)
(4} Derive the Laurent series of the functions below:
(a) f(z) = =z in the annulus 1 < 2| < 5 ; ' (10%)
(b) €71 in the domain [z —1| > 0 . (10%)

(5} Determine if there is any analytic function f defined on the disk B = {ze C:
|z| < 2} satisfying each of the conditions below. If yes, find the function. If

not, explain why.

(a) f maps B to the half plane below the line Im(z) = Re(z)} + 1. (10%)

(b) f(3) = 2 - (10%)

End of Paper
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