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(1). Consider a random sample X;, X5, -+, X, from a Poisson distribution with pa-

rameter A. Let ¥ = e~

(a) Find the Cramer-Rao lower bound (CRLB) for the unbiased estimators of
9. (5pt) '

(b) Show that @ = ((n — 1)/n)Z= X¢ is an unbiased estimator of ¥. Also find
Var(d) and compare to the CRLB of (a). (15pt)

(2) Let X, Xz, -+, Xn be iid. random variables with continuous distribution func-
tion ¥ and let z, be the p-th quantile, that is F(xp) = p.

(a) Define the random variables W;,j =1,2,---,n as follows
1, #X;<5, |
VVJ= ' 1 J_I:pjmlfz:"'!n-
0, fX;>zp

Find the distributions of W;’s and show that P(X(;) < zp) = 55, i ) et

k
where Xy denotes the ith order statistic (e.5. X(1) denotes the minimum
of Xi,---Xn.). (10pt)

(b) Show that P(X(y < 2, < X)) = Tk ( : ) Pt for1si<js<m

where g = 1 — p. (10pt)

(3) Let X;, X» be independent random variables distributed as U(0,1). Find the .

probability density function and distribution function of the random variable
Y = 2X, + X,. (15pt)

(4) Let 9 be an estimator of ¢ with E{§%) < oo for all 9. Suppose that T is sufficient
for ¥ and let 9 = E(|T).

(a) Prove that E(d — 9)? < E(J — 9)?, for all 9. Also show that this equality
is strict unless 9 = 4. (10pt)

{(b) Based on the result of (a), explain how an estimator can be improved, if if
is not a function of a sufficient estimator. Also explain why sufficiency of T
is necessary in this approach. (10pt)

(5) Let X and Y have the joint density flz,y}=e?, 0 €z < y. Find E(X[|Y =y)
and E(Y|X = z). (10pt) '

(6) Suppose that in the population of twins, males (M) and females (F) are equally
likely to occur and that the probability that twins are identical is . If twins are
not identical, their genes are independent. Suppose that n twins are sampled. It
is found that n, are MM, n are FF, and ng are MF, but it is not know which
twins are identical. Find the maximum likelihood estimator of . (15pt)
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Do all problems in detail.

(1) Let 7 be a linear mapping on a finite-dimensional vector space V. Prove
or disprove: V = Ker(T) ® Im(T). [15%)]

(2) Let T : R® —» R® defined by T(z,y,2) = (z~2y+z,5—4dy—z,2—y+2).
Find the matzix representation of T with respect to the basis £ = {e; =
(1303 -_'1)! €y = (1=1:O):ea = (1:17—1)}‘ [15%]

(3) Let T : R® -3 R® with T'(z,1,2) = Bc+y— 2,2+ 3y — 222} 5T
diagonalizable? If yes, find a basis such that the matrix representation of T
with respect to that basis is diagonal, [15%]

(4) Find an orthonormal basis {with the usual inner product in RY) for the

subspace spanned by {(1,-1,0,1},(0,1,0,2),(1,0,1,—2)}. : {10%)
(5) Let V be a finite dimensional vector space, and & : V 3+ V bea projectioh
operator, i.e., B2 = E. Prove or disprove: E is diagonalizable. [15%)
(6) Let
: 101
T A=F1 2 -2
110
(1) Find the minimal polynomial of A. . [8%]
(b) Find the Jordan caronical form of A. [7%)]

(¢} Find a Jordan basis for A. {15%)]
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Ten points for each problem. Please write down the detail of your computation.

1.
2.

3.

10.

Evaluate lim,_..(tan 1)¥/7,

Evaluate g 0 | g Sin°dE,

Evaluate f§° $22dz.

. Bvaluate [, {/*™* (1 + =y®)dydz.
. Compute the Taylor series for arcsinz at # = 0.

. Plot the graph of f(z) = 14 2 — % and indicate all its asymptotes, inflection points and

T

relative maximuwm and minimum points. ]
Solve the differential equation zy/(z) = *(z) — ¥/ (z) with y(0) = 1.

Let a and b be constants, find the parametric equations of the tangent line and normal line
to the helix r{t) = (acost, asint, bt) at time ¢

. Find the maximum and minimum values of f{z, ) = e~*¥ subject to the constraint z2+y* < 1.

Show that the Laplace equation Eé + 3_2)2: = () in polar coordinates is
p Bz Jy P

&#f 1of 18f
o2 T ror  rzagr o




Bt L ASA+EERFHERBEERRAE

#8 : ok [AkgAEa]LE % | Az | ®

Entrance Exam of Numerical Analysis for the Master Program of Scientific Computing

Full marks are 100; questions with the marks are indicated.

L (20} Give the definitions of convergence and stability of numerical methods, address their
differences and relations, and provided simple examples to illustrate them.

IL (20) Prove

U wreteiy < { [ wr @y [ woyia), 1)

where w > 0 on [e, b].

HI (20) Give the trapezoidal and midpoint rules for the integral, = f;’ Sf(z)dz. Show that
when f”(z) > 0 on {a,8], the approximate integrations by the trapezoidal and midpoint rules
are the upper and lower bounds of I, respectively.

IV. (20) Let the linear algebraic equations be Az; = b;,1 < 4 << n, where A € R™*™,
z; € R™ and b; € R". Suppose that matrix A is positive definite and symmetric. Give the
Choleski method for solving them, provide the computer storage needed and the order of CPU
time, with respect to n.

V. (20) Give the Newton iteration method to evaluate /@, a > 0, and then use Language C
or Fortran to write a computer program. In the program, choose 1 as the initial approximation
of v/a, and the termination condition of the iteration that the initial errors of the residuals are
reduced by a factor %10”6.
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Answer all 5 problems. Each problem carries 20 points

1. (a) Show that if a function f is differentiable at a point z, then f is continuous

at z. ’ UO?-)

(b) Suppose g : R — R has the property that for all z € R, ~z? < g{z) < 2?

. Show that g is differentiable at 0 and g(0) = 0. (o)
2. Let fn: [0,1] — R be defined by fu(z) = nae="*", foreachn € N .
(5) Evaluate limn o [ fule) dz and f1lim fu(z) ds. (Jo ]
(b) Does fn converge uniformly? Why? K{C';' )

3. Show that the series

oo (_,1)11
“g]ln(l o )

is divergent when 0 < p < 1/2; conditionally convergent when 1/2 < p < 1,
and absolutely convergent when p > 1.

Hint; Show that for large n's,

(=) 1 e D o VR
o <- - .
g sl ) S
4. (a) Show that a continuous function f: [a,b} — R is integrable. QD ?- )

(b) Bvaluate the line integral
Tdy — ydz -
L= o 1.)
where (/ is a smooth simple closed curve such that the origin is outside C.

5. Define the function f: RE>Rby

‘ 2247

f(zay) = Il 1fy#0
|0 Cify=0

(a) Show that f is not continuous at (0,0). (6 7 )
{b) Show that f has directional derivatives in all directions at (0, 0). { 1)

{c} Show that for all ¢ € R, there is a vector v of norm 1 such that the
directional derivative along v, va(ﬂ‘, 0} is equal to ¢ ) Q ;2. )
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In the following problems, C = The set of complex numbers, R = The set
of real numbers, Dy(a) = {z € C:lz—af <2} and Cr(a) = {z € C :
[z — a| = 7}. Each of the following problem is worth 20 points.

Problem 1. By Rieinann mapping theorem, there is an oue to one holo-
morphic wapping that carries auy simply connected region 2 # C onto
D=D10). Let 0 ={: € C: 0 <Rex<1}\{wre R: 0 <2 < 4}. Find

explicitly an one to one holomorphic function p that maps Q ontoe D.

Problem 2. Let w =a+bi, o,b € R and [w] < 1 Given 0 <+ < 1, consider
the set

B,»(w)z{zec:f—lf—_mil<r}.

1 —iwz]
Describe B, (w) explivitly. What happens when jw| — 17

PlOblLl]] 3. Let ' be the positive oriented circle Cg([)} Use the residue

theorstn to compute
/ tan z dz.
C .

Problem 4. Let f = u + iv be an entire function such that au + by > ¢
for some a, b, ¢ € R. Show that f must be a constant (Hint: Find a suitable
nonconstant entire function g such that e97G) is constant).

Problem 5. (¢, 10 points) Suppose that ¢ is analytic on @ and D, (a) =
D) U C(u) € 2. Prove that .

f 1
o) = — z} dady.
g(a) s D,-(a)g( ) v

(b, 10 points) Let f be analytic on D2(0)\ {0} such that the improper integral
f F(2)? dudy = lim f /(=) dudy
D =0 /7D,

exists (wheve D = D1(U) aud D, = D.(0)). Use () to show that U is a

removible singularity of f,






