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1.

* sin(t2
(10%) Find the 111n1t lim Lo SIulE0aE

x>0t -x-sin(x?)

(10%) Evaluate the following integralé_:

1
@) %) | s 4
4 2 . x
(b) (%) J; fzsin(®) dydx

(15%) Derive the Maclaurin series of f(x) = cos(x) and g(x) = cos(3x2) In addition, calculate
gu2(0).

(10%) Evaluate the following sum of double integrals:

jf‘/z_y—"”’dd +ff "“’dd +ff

x2+y2 x24y2

v2-x2 x+y

2+y

> dydx

(15%) Let the ordered basis for P; (the space of polynomial of degree at most 3) be B = {x3,x?%,x, 1}
and let T: P3 — Py be defined by T(p(x)) = <-p(x).

(a) (10%) Find the matrix representation A of T with respect to the basis B.

(b) (5%) Use A to find T(3x3 — 2x2 + 5x — 10).

(20%) Let A be a real 3 X 3 matrix having eigenvalues 4; = 0,4, = 1,13 = 2 with the
corresponding eigenvectors x; = (1,0,0)7, x, = (0,1,2)7, x5 = (0,1,1)7.

(a) (10%) Give a basis for the null space and the column space of A.

(b) (10%) Find all solutions x to the equation Ax = x, — 3x3.

(20%) Find the values of b for which the following integral converges for the following two cases:

® o
|, mam

(2) (10%) If @ = 0.

(b) (10%) Ifa > 0.

REFMANT > SUEFGLTAA
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o Please answer the questions in order and write down the question number for each question.
If you are not able to answer the question, leave it blank.

e Notations: i.i.d., independent and identically distributed.

1. (15%) Let the random variable X be defined by X =Y Z, where Y and Z are independent
random variables each taking on the values —1 and 1 with probability 0.5. Show that X is

independent of Y, but not of ¥ — Z.
2

2. (15%)Assume X,...,X, are i.id. random variables with E[Xi] = u, Var(X;) = o7,
E[(X1 — p)?] = pa, B[(X1 — p)*] = pa, where the constants x, 0%, ug, and py are finite with
g > o*. Show that

i i LN N(0,1).

Vs — ot

where S2 = 15" (X, — X,)*.
(In this question, you can use the result of the weak law of large number, the central limit
theorem, and the Slutsky’s theorem.)

3. (20%) Let Z,,...,Z be iid. random variables distributed as N (0, 1). Consider the linear

transformation
Y I s v§ \g - \{)E 4
Y; VXt VL 2
2 1 _1_ __2 s 0 2
Y=| | = Vaxz2 V3x2 V3%2 | =CZ.
Ye 1 ; 1 . 1 2,
VEE-1)  \k(k=1)  /k(k—1) k(k—1)

(a) (5%) Show that Y7,...,Y} are independent and identically distributed from N(0, 1).

(b) (15%) Use the result in (a) to show that the sample mean Z = k™! S | Z; and the
sample variance S* = 1 Zle(Zi — 7)? are independent.

4. (30%) Let X;,X,,...,X,,n > 3, be a random sample from the uniform distribution over
(0 — 1,0 4+ 1) having p.d.f.

1
f(z;0) = §I(6~1,6+1)(3’3): —o0 < § < o0
Suppose that we have two estimators for 4

x 1 I
H=§(X(1)+X(n)) and QQE;XE

(a) (5%) Find the sufficient statistics for 6.
(b) (10%) Within {0,8}, which one can be the MLE for § ? Why ?

(¢c) (15%) Compare the two estimators @ and 6 in terms of the MSE (mean squared error).
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5. (20%) Let U1,. .., U, be random sample from the uniform distribution oﬁ the unit interval.

For r < s, let Up,y and Us) be the rth and the sth ordered statistics, respectively, so that
Uy SUgy <+ S Uppy.

a) (10%) Find the expression of E(U¥,), for positive integer & > 1.
(r)
(b) (10%)Find the expression of Cov(Ury, Usy)-

— End —
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Please write down all the detail of your computation and proof.

1. (15%) Find a lower triangular matrix L with all diagonal elements 1 and an upper triangular

matrix U such that
1 0

1
2 1 =1 | =UL.
3 -1 -1
2. (15%) Let A be an n x n Hermitian positive semidefinite matrix. Prove that there exists a
unique Hermitian positive semidefinite square root matrix B of A such that B? = A.

3. (15%) Let m x n matrix A be the matrix representation of linear transformation L. Show that
(1) L is one-to-one <= all columms of A are linearly independent, (2) L is onto <= all rows
of A are linearly independent. '

4. (15%) Let A be an m x n real matrix with m > n. Prove that xp is a least squares solution
of Ax = b <= Axy is the projection of b onto range space of A <= A*Axy = A'b.

(20%) Consider the Fibonacci sequence Ypi1 = Yn + Yn—1 for n =1,2,--- with yo = 0 and
y1 = 1. Find the matrix A satisfying

|:yn+1:|:A|: Yn J
Un Yn—1

Diagonalize A and use it to obtain the explicit exact formula of .

[

6. (20%) Let ||-]|, be an vector norm on C™. Prove that

Al = sup 12l

Uoxzo X,

-is a matrix norm and is compatible with [|-]|,.

PAFEA LT FYEFORTHA
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[1]. (14%) Evaluate the following limits.

(a) lim (4" + 5”)””

n—oo

5 5 5
b) lim g s }
(b) n—+00 [ [3rZ 12 +/3n2 — 02 B2 _ 2

[2]. (16%) Evaluate the following integrals

—1

o 2
() / (3 — 2)e* da (b) / 2% — 9| da
0 7 .
3). (14%)
Let f(z)=e"% + S
B o %
[4]. (12%) Solve the initial value problem:

y=-y+2u
y(1) =1 |

+/mx/1Wdt. Find f'(z) and f*(z).
0

[5]. (14%) Find the arc length of the curve y = 2 — tInz fromz =1to z =e,

[6]. (16%) Consider the Cartesian integral

it A/ 1—12 9
ol iy
=1 J /192 2% +vy
(a) Change to an equivalent polar integral.
(b) Evaluate the polar integral.

[7]. (14%) Find the local maximum value and saddle point(s) of

flz,y) = 2%+ 4 — 3z — 129.
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e Provide complete solutions, including all necessary computations and rigorous justification.

1. (20%) Find bases of the null and range of the linear map T : R? — R? given by

T(zy,2z0,23) = (21 + 229, Ta — 23, 21 + 322 — T3).

1 3l Find an orthogonal matrix @ with positive determinant and

2. (20%) Suppose A = F’ .
a diagonal matrix D such that QTAQ = D.

3. (20%) Let {, ) be an inner product on the vector space V' and ey, ..., e, be orthonormal
vectors in V. Denote by ||v|| the norm of v € V. Show that

D lwedl® < ol
=1

for every v € V.

4. (20%) Suppose V is a finite dimensional vector space over C, and 7T is a linear map from V
to itself. If the minimal polynomial p(x) of T is of degree n, and k € C — {0}. Determine
the minimal polynomial of the linear map A7 in terms of n, &k and p(z).

5. (20%) Let P, be the vector space of polynomials of degree at most two with real coefficients
and P; be the vector space of linear maps from P, to R. Find the basis {vo,v1,v2} of P}
such that ‘

' 1 i
vy(z?) = {O :-‘j” for every 0 <14,7 < 2.
7
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1.

2. [30%] In this question, we will study compact sets.

3.pmqmwmy=fmﬂﬁﬁﬂfx*oAmmmmmmm@mmmm

4. [10%] Let Q denote the set of rational numbers. Let f(x) = { 0 if x€0Q

[10%] Let (M, d) be a metric space. In this question, you will be asked to state some definitions.
1. [5%] Let K © M be a compact set. Write down the definition of a compact set.
il. [5%] Let I € M be a connected set. Write down the definition of a connected set.

ks [6%] State the Heine-Borel theorem.

il. [12%] Is it true that a compact set in a metric space is always closed and bounded? Justify your
assertion.

1ii. [12%] Is it true that a closed and bounded set in a metric space is always compact? Justify your
assertion.

0 i o=
i [5%] Find lirgl_ f(x). Justify your assertion.
x—

ii. [5%] Find IircIJl+ f(x). Justify your assertion.
X—

1il. [2%] In light of your answers above, what is the limit of f as x approach to 0?
iv.  [8%] Letl = {(x,f(x)): x > 0}.
a. [4%] Is I a connected set? Justify your assertion.

b. [4%] Is I a path-connected set? Justify your assertion.

115 if x€Q

i [5%] Show that f is not continuous on [0,1].
il. [5%] Show that f is not Riemann integrable on [0,1].

[10%] Let f be continuous on [0,1]. Suppose that fﬂlf(x)x” dx=0forn = 0,1,2,3, ... Show that
f(x) =0forall x € [0,1].

[10%] Suppose that {f,},~1 is a uniformly bounded sequence of Riemann integrable functions on
[a; B]. Let By (x) = f; fn(t)dt, where a < x < b. Show that E, admits a uniformly convergent

subsequence on [a, b].

[10%] Let f(x,y) = (e* cosy,e*siny). Is the function f invertible near (1,1)? Justify your
assertion.

HAFHESHET > FHEFERBTAA



