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1. (10%) Evaluate lim tan(z) In(sin2(x))
2. (20%) Evaluate the following integrals: .
3x ‘
(@) (10%) [ (3’;€+1)2 dx
ln4 e¥
(b) (10%) fo mdx
3. (15%) Let F(x) = | ;c In(1+ %)dt. Find the Maclaurin series for F(x) and its radius of convergence.
4. (10%) Evaluate the following expressions:
1 vz 2 a-x?
f%fjm1dydx + [ [ 1dydx+ [y Ldydx
5. (15%) Let V be the vector space of all polynomials p(t) of degree less or equal to 13,
(a) (10%) Show that the map T:V — R given by T(p (t)) = | 01 p(t) dt is a linear transformation.
(b) (5%) Find the dimension of the kernel of 7.
1 -1 2 |
6. (15%) Let A= [—2 5 wzl and V = {x = (x1, %5, %3)7 € R3]y — 23 +x3 = 0}
1 -1 0
(a) (5%) Define T(x) = Ax, show that T:V - V.
(b) (10%) Find the eigenvectors and eigenvalues of T acting on V.
7. (15%) Assume f(x) is a polynomial whose coefficients are integers, and we know that
“ f(x) 20 01
. (G 1D)2(4x% + 1) de=hng+sg
(a) (5%) Use the limit comparison test for improper integrals, what is the maximum degree of f(x)?
: sl f : fF(x) A B Cx+D
(b} (5%) U_smg the partial fraction method, we have i@ i T art T Evaluate
f Eﬁ%dx (Express the results in terms of 4, B, C, D and x).
(c) (5%) According to (a) and (b), find the values of 4, B, €, D and find f(x).
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[1]. (16%) Evaluate the following limits,

A |
() I om
(h)ﬁzn[ L S }
Comesee | In2 D12 W% - 97 (fopZ _ 32 V2 —nZ

(2. (15%)
Let f{x,y,2) = /o= + cos (zy) + zlnz be defined for 2,4,z > 0.
Compute fz, foy: fane-

[3]. {20%) Evaluate the following fmtegrals.

o0 VT I
A r—3Y e"dx 1 ——dx
®) ./; @ y el ) [;, 3 - (‘:0&':1'1( g

[4]. {13%) Find the Taylor series of /1 +x at 2 = 0.
{5]. (12%) Solve the differential equation ¢ 4+ 3y = e® with y(0) = 1.

[6]. (12%)
. N A . .
show that the Laplace equation —= + ——= = 0 in the coordinates (r, 8),
Jx? ~ Oy?

where z =rcosf and y = rainf, is

Ff19f 1P
a?"z —?— i (’37v + ,;.2 662 —_ {.;V

[7]. (12%)
Air is pumped info a spherical balloon so that its volwme increases at a rate of 120em® /5.

How fast is the radiug of fhe balloon increasing when the radivs is 30cm?
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1. [20%] Let

1 4 4 4 25
A=|-1 -4 -4 =3 -=-20].
—4 --16 =16 —-11 75
Find a basis for each of the row space Row(A), the column space Col(A) and the kernel
ker(A) of A. What are their dimensions?

2. [20%] Let E;; be the 2 x 2 matrix whose 4, j-entry is 1 while other entries are 0. Let
R2%2% he the space of all 2 X 2 real matrices and 8 = {F11, Fi2, B2, Fys} its bagis.
Define a linear function f: R¥*? = R?*2 by X — JXJ, where J is the 2 x 2 all-ones
matrix. Find the matrix representation | f}g of f with respect to the bases 4 and 3.
Then use it to find a basis of the kernel ker(f) of f.

3. [20%)] For p,g > 1, let
Apg = [Op,p Jp,q} ,

Jop  Ogyq
where Oy, and Jy, » are the m x n zero matrix and all-ones matrix, respectively. Find
det(A,q — zI).

4. [20%)] Let = = z(t) and y = y(t) be functions from R to R. Solve the system of
differential equations

=2z +v,
y=z+2y.

Here & = %2 and g = 3¢ are the derivatives.

5. [20%] Let (-,-) be an inner product defined on R™. Show that there is a basis § of R"
such that
(X:Y) = [Y]E[X]ﬁ

for any x,y € R", where [v]s is the vector representation of v € R with respect to 5.
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Please answer the questions in order and write down the question number for each question.
If you are not able to answer the question, leave it blank.

Notations: i.i.d., independent and identically distributed; cdf, cumulative distribution function;
pdf, probability density function; Z is a standard normal random variable.

(15%) Let X and Y be two nondegenerate random variables with finite variances. It is readily seen
that § = X is an unbiased estimator for 8 = E(X). Instead of using 8, we consider an alternative
estimator 8, g = X — B(Y — &), where —o0 < @ < o0 and # # 0 are parameters. In the
subsequent questions, please express your answers in terms of £, Var, and Cov.

(a) (5%) Find & such that 8, 5 is an unbiased estimator.

(b) (5%) Find B such that Var(f, z) is minimized.

(¢} (5%) Find the percentage of variance reduction obtained by using 6'7&”3 instead of &, that is,
{Var(@) - Var(@a_ﬁ)}/\far(@) X 100% based on o and £ you found in (a) and (b).

(30%) Let Xy, ..., X, be i.i.d. uniform random variables on the unit interval [0,1].

(a) (5%) Find the joint cdf of the random vector (X;, Xy).

(b) (5%) Find the joint cdf of the random vector (X, 1 — X3).

(€) (10%) Find the pdf of Y = 1L, X;

(d) (10%) Find the pdf of ¥ = max(Xy, ..., X,) — min(Xy, ..., X,,).

(15%) Let Xy, ..., X, be i.i.d. continuous random samples from the cdf F(x). Define the empirical
cdf F,(x) = n'1 L I(X; < x), where I(,) is the indicator function. Let s be a constant.

(a) (5%) Find the asymptotic distribution of n/2{F,(s) — F(s)}.

(b) (5%) Find an asymptotic 95% confidence interval for F(s) based on the result in (a). Please
express your answer by using z,, that satisfies P(Z > za) =q.

(¢) (5%) Find the covariance Cov{F,(s), F,(t)}, where t is another constant and s#t.

(10%) Let X4, ..., X, be 1.i.d. random samples from the inverse Gaussian pdf

2\ 20x = w)?
Jual) = (27rx3) exp {_ch,u—zx

Find the maximum likelihood estimators for p and A,

}, x>0u>0,A>0.

(10%) Let X4, ..., X, be i.i.d. normal random variables with mean fiy and variance o2. Also, let
Y1s ooy Yy beii.d. normal random variables with mean yy and variance o2. Suppose that X;’s and
Y;’s are independent and the parameters gy, iy, and 6% are unknown. Find the two-tailed #-test
for testing the null hypothesis Hy: pty = py against the alternative hypothesis Hy: iy # py with
the significance level «. Please express your answer by using £, , that satisfies P(TV > tm) =q,
where Ty, is a Student £ random variable with v degrees of freedom.

(10%) Suppose that there are two people. Each of them tosses a fair coin n times. Find the
probability that they will toss the same number of heads. You must simplify your answer.

(10%) Prove that P(Z > 2) < irp(z) if z > 0, where ¢(z) is the pdf of Z,

'-End-
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Please write down all the detail of your computation and solution.

1. {(15%) Find the third column of the following product matrix

. 2 —0.3 0.1 )
Ve 5 V2 or % _ﬂ Sy iJeb e][—e 231 —n
10° 7 0 37 T 1 b ¢ a Loys 1 2
. sin3 — : 6 2 g ~2 1 —/2
i sn3d —1 In2 3 0 3 ¢ a b T 2 1 —/2

2. (16%) Let
a b

A= ( @t ) |

Find the necessary and sufficient conditions on ¢, b, ¢ and d such that A is symmetric positive

definite, and then prove it.

3. (15%) Find the least squaves plane z = az + by + ¢ for (z,y, 2) data: (0,0,2),(0,1,2),(1,0,1)
and (1,1, 5). '

4. (16%) Let A be a real n X n matrix where n > 2. Porve that the followings are equivalent:

(1} A is orthogonally diagonalizable,
(2} A has a real orthonormal set of n eigenvectors.

5. (20%) Let

1 1 0 3 7
2 1 -1 5
A= 1 9 3 _j1 and b = 6
3 -1 -1 2 8

(1) Find permutation matrix P, lower triangular matrix L and upper triangular matrix U
such that A = PLU.
(2) Use (1) to solve Ax = b for x.

6. (20%) Let n X n matrix A have all entries ~3 where n > 2. TFind all of its eigevalues,
corresponding eigenvectors, and its Jordan canonical form.
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i. (10%) Use € — § argument to show that lﬂzi(mz + 2z) = 3.
’ &

2. (10%) Give an example of a function that is NOT integrable on [0, 1}. Support
your argument.

3. (10%) Is the sequence of functions f,(z) = H‘f:,,, uniformly convergent on the
interval [0.5, 1.5]? Prove or disprove.
4. (10%) Consider the vector-valued function G R? — R? defined by
Gz, y) = (zcosy, Tsiny).
Show that ¢ is locally invertible about every point in R? \ {0}.
b. Let f: E — R be continuous on F, a closed and hounded subset of R,

() (5%) Show that the image set f[F] has a mexdimum point M and & mini-
mum point . .
(b) (10%) Show thas f[E] is a closed and bounded interval,
6. Let g(m, y,2) = z° — 3zy — ¢® — 22
(a) (6%) Compute the gradient vector Vg{z, y,2) and Hessian matrix H S, v, 2).
(b) (4%) Determine if the critical point (1,1, 0) is a local maximum of g.
(c) (8%) Find the Taylor polynomial of order 2 based at the point xg =
(—1,1,0).
7. (15%) State and prove one of the two Fundamental Theorems of Calculus.

8. The mean value theorem for integrals states that for a continvous function f
defined on [a, b], there exists some ¢ € (a, b) such thas

/ Ht)di = 05— a).

{a} (6%) Letting #'(z) = / F(t) dt, prove the above theorem as an application
of the (usual) mean value theorem. .

(b) (9%) Show that the mean value theorem for integrals implies the mean
value theorem too, when the function f is continuously differentiable on

[a, 8]. | |
r~ BHF
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