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1. (10%) Evaluate ]i_}n TTE;
400 ev

- (i 5 -
. (10%) Evaluate o tan @ df
40

ar
/6 ;
. (10%) Evaluate / a
' 0 COST

(x+6)/3
. (10%) Evcduate/ / z(3y — 2)eBV=2)" dyda

1

(%Eflct
(10%) mmez PR e

(10%) Find the point closest to the origin on the curve of intersection of the plane y + 2z = 3
and the cone 22 = 22 + 2.

a a-—b
(15%) Let T be the endomorphism of R? defined by | b | = | —a+2b+¢
' c —2a+b—c

Find the eigenvalues of T' and, for each eigenvalue, find the associated eigenvector such that

its length equals to 1.

(10%) Let A = (aij), B = (bi;) € R™™™ be two matrices with a;j,b; > 0, 1 <4, j < n. Define

n n

H,(A, _B) = Z Z (ﬂ--ij 1I1(L.,gj — Qg5 In b-ij — Q44 -+ bij) :

g g

Prove that k(A, B) > 0.

oG [e¢)

; ) , a,
(15%) Let @, > 0 for all n € N. Prove that Zan converges if and only if Z —
n=1 ‘ n=1 Gn + 1

converges.
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1. (10 %) Prove or disprove that arctan% + arct-a.n% = .

10.

(5 %) Let F(z) = / costdt, find derivative of F'(x).

Jcos 2

(10 %) Evaluate the definite integral

3
/ N
Jv3 rvdr? -9

e¥sipd
(10 %) Find lim ————*.
z—0 sinz
o . 32$
o0 EI
(b) (10 %) Evaluate the improper integral / T ST
s kB

(10 %) State the Integral Test and apply it to determine the convergence or divergence of the
oo
1

series: E : ;
5 1 Inn

(10 %) Find the arc length of the curve given by parametric equations ¢ = arcsint and Y=

Inv1-1%,0<¢t< 3.
(10 %) Find the area of the inner loop of r = 1+ 2sin 4.
(10 %) Find the volume of the solid inside 2% + y? + 2 = 16 and outside z = /2 + ¢2.

(10 %) Use the change of variables to evaluate the given double integral

Jlrs
R

where R is the region given in the picture on
the right.

~End-~
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Show details of your calculation and proot.

1) [15%)] Find the general solution of the following nonhomogeneous system.
g g

Ty + 28y — 23+ x4+ x5 =1
—xy — 2yt 2xy — x4y — 35 =1

2xy + 2wy — x5 — @y + 225 = —1

, 3 2
Y
(2) [20%)] Let A= o g

such that P~tAP = D.

} . Iind an invertible matrix P and a diagonal matrix D

L. 2 1

(3) [15% LetA:[_g 2ty

of A.

J . Find bases for the null and the column spaces

(4) [15%)] Let A= [ 11 “21 } Find A% + A4 — 1143 — 84% 4+ 20A — 61 where I is the

2 x 2 1dentity matbrix.

(5) [15%) Let 7" : R* — R? given by T((z,y)"] = (z + v, 2z — y)*. Find the matrix
representation of T with respect to the basis B = {(1,1)",(1,0)'}. Here (z,y)"
denotes the transpose of (z,v)-

(6) [20%) Find
2 0 1
(a) [6%)] the characteristic and minimal polynomialsof A= | -2 1 2 |,
-2 -1 5
(b) [6%)] the Jordan form J of A, and
(c) [8%)] an invertible matrix P such that P~'AP = J.

End of Paper
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There are total 100 points. Justify your answer appropriately to get a full mark for the question.
Write down the question number for each question, and leave it blank if you are not able to answer

the question.

1. (10 points) Define

v ) 2023 if xe@y
f(“”)_{o if ©¢Q,

where @ is the set of all rational numbers. Show that f is nowhere continuous on R.

2. (10 points) Suppose that (f,)22; is a sequence of real-valued functions that converge uni-

formly to f on R™. Show that if f, are continuous, then f is a continuous function on R™.
3. (10 points) Consider the vector-valued function F' : R? — R? defined by
F(z,y) = (" cosy, €”siny).
Show that F is not invertible but locally invertible everywhere on R?.

4, (15 points) Let 7
:1:3 «
Flo,y) = 4 P if (z,y) # (0,0);
’ 0 otherwise.

Show that F' is not differentiable at (0, 0), but all directional derivatives of F’ exist.

5. (15 points) Show that

defines a continuous function on R3.
6. (20 points) State and prove the Weierstrass M-test.
7. (20 points) Let

in(1) i 1
= {10 iz e

Show that the graph of f is connected but not path connected on R?,
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1. (16 pts)
(a) (8 pts) Let A = [ i € R?*2, Assume that (a-d)?+4bc > 0. Show that A is diagonalizable.
¢
5 8 16
(b) (8 pts) Let A= 4 1 8 |. Find all eigenvalues and their corresponding eigenspaces.
-4 —4 -—11
1 3 1
1 20
2. 16 f)‘\‘ L ";t A ==
(16 pts) Le b
-1 1 0

(a) (6 pts) Determine the dimension of the column space of A.

(b) (10 pts) Find an orthonormal basis for the column space of A.

o 0
3. (16 pts) Let A= | —1 1 | be the matrix of a linear transformation 7" : R2**—R3*! with respect
84
3 3 ,
to the bases # = {ug,uz} and 8’ = {vi,ve, v3} to R2*! and R**?, where
1 2 3
1 -2
u; = 3 yUg = 4 V1 = 1 V2 = 2 y Vg = 0
1 0 0

(a) (6 pts) Find T'(w;) and T(uy).

(b) (10 pts) Find a formula for 7' ([ # ] )

Iz

4. (20 pts) Let A € R™*" N(A) = {x € R"*! | Ax = 0} be the null space of A and R(A) = {Ax | x €
R"*1} be the range of A. Show that dim N(A4) + dim R(A) = n.

5. (16 pts) Let A € R™™ ™. Lot Aq,---, A be distinct eigenvalues of A and vy,--+,v,, be eigenvectors

corresponding to Aq, -, Ay, Show that {vy,- - ,v,,} is lincarly independent.

6. (16 pts) Let A € R™*™ and A,; (1 <1 < n) denote the i-th column of A. Show that {A., -+ ,A..}

is linearly independent if and only if AT 4 is invertible.
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(10%) At the game of craps, the player rolls two fair dice.
o Ifthe sumis 7 or 11 then the player wins.
o Ifthe sum is 2, 3 or 12 then the player loses.
o If the sum is anything else, the player continues rolling the dice until the sum is either that
number again, in which case the player wins, or 7, in which case the player loses.
Find the probability of winning at the game of craps.

(20%) Three evenly matched players A, B and C play a series of games. The winner of each game
plays the next game with the waiting player until a player wins two games in a row and is declared
the overall winner. Find the probability that each of the three players is the overall winner assuming
that A and B play the first game.

(20%) Assume that the husbands and wives of n married couples are randomly paired for a dance.
We say that a match occurs each time a husband is paired with his wife. Find the probability of the
event that there is no match.

(20%) Let X, ..., Xn be independent identically distributed random variables with probability density

function flz) = —}exp[-—(l + %}ln(x)]

where A > 0 and x > 1. Find the maximum likelihood estimator of A .

(10%) The number of defects per yard, Y, of a certain fabric is known to have a Poisson distribution
with parameter A . However, A is a random variable with probability density function

f) =e™I(A>0)

where 1 is the indicator function.
a) (5%) Find E(Y).
b) (5%) Find Var(Y).

(20%) Suppose that Xj, ..., X, are independent identically distributed Bernoulli(p) where n > 2 and 0
< p < I is the unknown parameter. Derive the uniformly minimum-variance unbiased estimator
(UMVUE) of v(p), where v(p) = e*(p(1 — p)).
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