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10.

(10%) Find the limits

(a,) (5%) lmp, o0 (n2f4-12 + n2J:14-22 + n2+ﬂri;-32 Tt #)

(b) (5%) limpyo & [V VIF B dt,

. (10%) Find the highest and the lowest points of the curve given by z%+zy-+2y* = 28.

(10%) Evaluate the integral ff EQJ%.

(10%) Derive the Maclaurin series of tan™! .

(a) (5%) Find the length of the curve in polar coordinates: 7 = +/1+sin26, 0 <
6 < 2.

(b) (5%) Find the area enclosed by the curve given in (a).

. (10%) Find the local extreme values and saddle points of f(z,y) = z*y—zy*+zy—y>.

4 2
(10%) Evaluate/ ] e” dz dy.
B Vg
(10%) Let
1 2 3 —4 8 120 2 5
12 0 2 8 003 -6 3
A_24—3109’B_0000—7
36 0 6 9 000 0 O

Assume that A is row equivalent to B. Find bases for the null space of A and the
column space of A.

(10%) Use the factorization A = L(aaw bj 2} = PDP™! to compute A% where k

represent an arbitrary positive integer.

(10%) Classify the quadratic form 3z? —4z1z;+623. Then make a change of variable,
x = Py, that transforms the quadratic form into one with no cross-product term.

Write the new quadratic form.
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Notation: iid: identically independently distributed; CDF: cumulative distribution function;
pdf: probability density function; MLE: maxmum likelihood estimator; Z is the standard
normal distribution and z, is the right tail cut-off for standard normal distribution; that s,
P(Z > z,) = «. If the distribution of X is Unif[0,1], then the pdfof X f(z) =1if0=z < 1;
f(z) = 0 otherwise. In(z) = log,(z). If ¥ is a Poisson random variable with parameter A,

then P(Y =3) = =X,y =0,1,2,3,. ..

y!

1. [15%)] Assume Xi,..., X, are iid Unif[0,1]. Let T = 2 5% In(X;) Please derive the
pdf of T.

2. [15%)] Let X3, ..., X, be iid continuous random variables with common CDF F(z) =

P(X; < z). Let s and t be two constants and s < t and let U = F(t) — F(s). We
5 i ’ . L g .
know that U = S &, 255154 where [ is the indicator function, is a nonparametric

estimator for U. )
(2)(10%) Please derive the asymptotic distribution of v/n(U —U). (Note: Express your

result using U)
(b)(5%) Use the result of (a) to derive the 1 — o asymptotic confidence interval for U.

Express your answer using Z and U.

3. [15%] Suppose that, conditional on N, X has binomial distribution with IV trials and
probability p of success and that N is a Poisson random variable with parameter A.
Please derive the marginal distribution (unconditional distribution) of X.

4. [15%) X is a random variable. Under the null hypothesis, the cumulative distribution
function (CDF) of X is Fp(z) = 3 for z € [0,1] and under the alternative hypothesis

the CDF of X is Fy(z) = z* for z € [0, 1].
Please compute the power of the likelihood ratio test for significance levél o

5. [15%] Let X be N (6,6 random variables (i.e., mean of X is 6 and variance is 6%

Please derive the MLE for 8. Note that 8 must be greater than 0.

6. [15%] Let X;,...,Xn be a random sample from the distribution with probability
density function f(z). Let f(z) = Z2if0 <z <6 f(z) = 0 otherwise. Let
T = max{Xi,..., Xn}. We consider using CT to estimate €, where C is a constant

greater than 0. Determine the constant C so that the mean square €rror of CT is

the smmallest. '

7. [10%)] Assume Y is a random variable with a Poisson distribution with parameter A.

However, ) is a random variable with pdf

f(x) = Eﬁ)\f{bo},

where I is the indicator function. Please calculate Var(Y).
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1. (a) (5%) Show that f(z / V2 + 3t* dt is one-to-one;
(b) (5%) Find (1) (0).
2. BEvaluate the following limits:
1 1 _ : n n_ ., ., n
() (8%) lim, (m B 5)’ (BB i (nz TR TErE Tt L (2n)2

3. Find the following integrals:

(7%) /% (b) (7%) /arctan:z:da:.

[es] m?n‘l
4. Let _lTn = /O Wcﬂx for n 2 1.

n
(a) (10%) Prove that I, = mfn, forn > 1.

=] $5
(b) (5%) Evaluate/o Wcﬁr.

5. (10%) Find the relative extrema and saddle points of the function

flz,y) = 4oy — 2* — y*.

6. (10%) Evaluate the double integral / / e *"dA, where R is the triangular region with
R
vertices (0,0), (1,0), (1, 1).

7. (10%) Solve the differential equation y’ + ytanz = sec + cos z with y(0) = 1.

8. (a) (12%) Find a power series for In(1 4 z) centered at 0 and determine its interval of

convergence;
- 1
(b) (3%) Assume that the series E (=1)**'= converges to A. Find A.
n
n=1
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[1]. (16%) Let

-1 2 -2 G
1= 0o 1 3 and b= 1|0
4 2 5 9

(a) Solve the linear system Ax = b for x.
(b) Compute det(4).

[2]. (16%) Let L :R? — R® be ddmul by
_ 1 — 2w + 213
L (X) = T1 -+ T2 -+ 3.’?'3

5:?’1 == 4:173
(a) Find a matrix A such that L (x) = Ax for each x = (a, a5, .1'37)T in R?.
(b) Let = ([1,0,1],[1,1,0],[1. 1, 1]) be an ordered basis of R?.
Find the matrix representation B = [L]; of L with respect to 3.

[3]. (14%) Find the projection matrix onto the plane 22 — y — 3z = 0 in R3.

[4]. (14%) Find a linear function that is the best least squares fit to the data

(5], (24%) Lot A= { 0 ]

1) Is A diagonalizable?
b) Find the characteristic polynomial of 42°.

) Find the eigenvalues of A?2.

(a

(

(c

(d) Find the minimal polynomial of A,
(e) Find the minimal polynomial of A,
(

t) Find the Jordan form of A.

[6]. (16%) Let A € R™" B € R™P and (! = AB. Show that
(a) I A and B both have linearly independent cohunn vectors.
then the column vectors of ' will be also lincarly independent.

b) The colinn space of C'is a subspace of the column space of A,
. I ,
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* When f is a polynomial, the notation f’ stands for its derivative.

1. [20%] Let P, be the vector space of all polynomials of degree at most 2 with real
coefficients. Define the function f : Py — Py by f(p) = p — zp’ + p”. Find a basis of

range(f).

2. [20%] Let M, 4 be the vector space of all 2 x 4 real matrices and O the 2 x 4 zero
matrix. Let

0 2
A—[Q 0] and B =

=== = O
C OO O =
(el v BN e R an I T
e e B an B an N
OO OO =

Show that ‘
V:{XEMQAAX*XB:O}

is a vector space and find a basis of V.

3. [20%)] Let
z 1 1 1 T
1 2 4 8 16
A, =11 3 9 27 81
1 4 16 64 256
1 5 25 125 625
and f(z) = det(A;). Find f/(0).
4. [20%] Let A be an n x n complex matrix with distinct eigenvalues Ay, ..., A,. For each

¢ =1,...,q, the eigenspaces of \; is E), = ker(4A — \;I). Show that {E),,...,E)} is
linearly independent.

5. [20%] Show that every n X n complex matrix A has a decomposition A = QTQ*
such that @ is a unitary matrix and 7" is an upper-triangular matrix, where Q* is the
conjugate transpose of Q.
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Please show all the details.
1.

Show that f(x) = i is not uniformly continuous on (0,1). (10 points)

2. (i) Find the closed form and the interval of convergence of }.-"_,(—1)"x™. (10 points)
(ii) Find the value of 1 — 3+ — = + = = = £ . (10 points)
3. Let0 < ¢ <1 Show that lim Vnc™ = 0 by using
(1) L’Hopital’s rule (5 poin?s)
and (ii) any other method. (5 points)
4. Show that the following series are uniformly convergent.
HYe, (;;)n (x%* 4+ n?) on [—5,5]. (Hint: Use M-test.) (10 points)
(i1) Z;’fﬂ% e ™ on [0,1]. (10 points)
5. Let B;(a) © R™ be the open ball centered at a with radius 2. Consider a C? function f: B,(a) — R
with f(a) = 0 and ||Vf||(a) = 1. Suppose that 0 < Hess(f)(v,v) < 2 in B,(a) for all unit vectors
v, where Hess(f) = [aj:aj;j] is the Hessian matrix of f. Show that —2 < f < 6 in B,(a). (10 points)
6. Show that a bounded monotone function f: [0,1] — R is integrable. (10 points)
7. For what values of ¢ € R is the integral [ 100 Six%dx convergent? (10 points)
8. Let K be a nonempty closed set in R™ and x € R \ K. Prove that there is a y € K such that d(x,y) =

inf{d (x, z)|z € K}. Is this true for open sets? (10 points)
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