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1. [10%] The probability density function of a random variable Z is

flz) =

%1’ if —2<2<2;
0, otherwise.

Find the cumulative distribution function of S = Z2.

2. Please explain the following terms.
a. [4%] What is a 95% confidence interval?
b. [4%] What is p-value?
c. [4%] What is the “parameter” of a Student’s ¢-distribution?

3. In a tough training program, 120 students take a series of courses. The number of
students having X failed subjects is listed in the following table.
X 011234

number of
- 11813242120

The teacher had a theory that the probability of X = z is P(z) = (1)6%(1 — )*~=;
r = 0,1,2,3,4 with an unknown 6. After some calculation, the teacher found the
maximum likelihood estimator of @ to be 0.6. Apply an appropriate statistical test to
see whether the teacher’s theory is in accordance with the observed data. Please specify

a. [4%]| the null hypothesis and the alternative hypothesis,
b. [4%] the test statistic (no need to simplify your answer),

c. [4%)] the sampling distribution of the test statistic under the the null hypothesis.

4. [10%] An online poll states that 50% people dislike a certain policy. For the next poll
on the same topic, let p be the point estimate of the true proportion py. How large
a sample size is required such that a 95% confidence interval for py will be p + 2.5%7
(Note: ®(1.96) ~ 0.975, ®(1.64) ~ 0.95, $(1.28) =~ 0.90, where ®(z) = P(Z < z) is
the cumulative distribution function of a standard normal random variable Z. And
1.96% = 3.8416, 1.64%2 = 2.6896, 1.28% = 1.6384.)

5. [16%] Fill in the cells (@)~ (e) on the incomplete analysis of variance table below from a
one way randomized design. Also write down (T) the null hypothesis, (g) the alternative
hypothesis, and (&) the conclusion for the F test using a significance level of 5%.

Source of Sum of Degrees of | Mean Squares F value | Pr(>F)
Variation Squares (SS) | Freedom (df) (MS)
Between groups () 2 ©) 8 0.01
Within groups () @ 4
Total © 11
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6. Let Y7,Y5,---, Y, be a random sample of size k£ having the following density function
flyia)=e ¥, y>aq,
and f(y;a) = 0 otherwise.

a. [7%] Find a method of moments estimator for ¢ in terms of the sample mean.

b. [7%] Find the maximum likelihood estimator for a.

7. [10%] Suppose that a vector x consists of two random variables as z = (X1, X3)?, whose
2 x 2 variance-covariance matrix is V' = var(z), i.e., Vi; = cov(X;, X;); 4,7 = 1,2. Let
w = (wy,ws)T be a given vector of known weights. Prove that the variance of the
random variable Y = w; X; + wy X is var(Y) = w” Vw.

8. The probability mass function P(X = z) of a geometric random variable X is
6(1— 6)*

forx =0,1,... and 0 < @ < 1. Consider a random sample of size n and answer the
following questions.
a. [8%] Find sufficient statistics for 6.

b. [8%] Find the Cramér-Rao lower bound for the variance of any unbiased estimate
of 6.
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1. Evaluate the follows.

@)% [

0 T

o0 =T _ B—Zz

2 w/4
dz  (b)(5%) f arcseczdz  (c)(10%) f (sec® z — tan z°) dz
1 0

2. (10%) Find the area inside r = sin# and outside r = sin 20.

minimum cost of producing 50000 units of a product.

4. Let T : C — C be given by
T(z,y,z,w) = (T +y+2z+ 2w,z +4y — z —w,—2x+ y + 5z — w,z +y + 2z + 8w).

(a) (5%) Find all eigenvalues of T
(b) -(10%) Find the Jordan normal form of T'.

5. (20%) Find the range of a such that the function

| |=*sind i z#£0
f“(m)"{o if =0

is differentiable on R.
6. (20%) For each positive integer n, let f,(z) be defined on [0, 1] by

Bl = n if 0<z<1/n;
T 22(l-2) f lm<z<l

For each = € [0, 1], find the limit of {f,(z)} and state your reason.

Sy

o

3. (15%) Let = be the number of units of labor (at $200 per unit), ¥ be the number of units of
capital (at $3200 per unit), and P(z,y) = 1003/zy? be the production function. Find the
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(13%) Show that the eigenvectors associated with the distinet eigenvalue are

linearly independent.

[2]. (15%) Find real numbers a, b such that the linear system
3r—2y+z=0>
2e+ay—2z=1
hr+6y+72=1

has (1) no solution, (2) a unique solution, (3) infinitely many solutions.

3], (14%) Let A € R™" B € R™ and C = AB.
Show that rank(C) < min {rank(A),rank(B)}.

[4). (16%) Let (x,y) = 4a1y1 + 201y + 273y1 + 229 + 323Y3,
; T T
where x = (1, v9.23) and y = (Y1, 92, ¥s) " -
(a) Find a matrix A such that (x,y) = xT Ay.
(b) Does (-, ) define an inner product on R? 7 Explain your answer.

2 1 0
5. (21%) Let A= | 0 5 3
0 -2 0

(a) Find the characteristic polynomial of A.

(b) Find a Jordan form of A.
(c) Find a matrix P such that P~ AP is the Jordan form in (b).

[6]. (21%) Let W be the subspace of R* spanned by x; = (4, 2,2, 17T, x2 = (2,0,0, Q)T

and x5 = (1,1, -1, 1)T.

(a) Find an orthonormal basis for W.

(b) Find the projection matrix onto IW.

(¢) Compute the projection of v = (1,1,0, 1)T on W,
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. (10 %) Prove or disprove that |tan % — tan ¥| > | yi for z, y € (—m, 7).
2. (5 %) Let F(z) = e Vtdt, find derivative of F(z).
0

. 3
3. (10 %) Use Riemann sum to find the definite integral / (222 — 3a)da.
, 1

4. (10 %) Find Iim %, where a, b are constant real numbers.

.Crl

(a) (5 %) Find [sec®zdz

. . . e da
{(b) (10 %) Evaluate the improper integral f_ Ny s

6. (10 %) State the Integral Test and apply it to determine the convergence or divergence of the

series: ZnQe_“
n=4
7. (20 %) Find the length of r = 1 + cos @ and area of its interior region.

8. (10 %) Find the volume of the solid inside both 22 + 42 4+ 22 = 36 and (2 — 3)2 + %2 = 9.

9. (10 %) Use the change of variables to evaluate the given double integral

[l

where R is the region given in the picture on

the right.
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Let R be the set of all real numbers, @ be the set of all rational numbers and N be
the set of all positive integers.
1.

(10 points) Is UregUkensup{qg € Qlg* <7} = R? State your reason.

2. (10 points) Show that Ai_}ngo’i/ﬁ= 1.
3.
4. (15 points) Show that f(x) :{

(15 points) Is vx uniformly continuous on R? Prove your assertion.
x%sini, x # 0

0, =0
the derivative f:R — R a continuous function?

(20 points) Show that flmfz]—xdx converges conditionally.

is a differentiable function on R. Is

. (10 points) Let f:[0,1] > R, n €N, be a sequence of increasing functions,

l.e., fo(x) < fL(y») for all x,y € [0,1] and n € N. Assume that f, < fr+1 and |f,(0)| <
1 for all x €[0,1] and n € N, Show that f, converges (pointwisely) to an
increasing function.

(10 points) Can you find a C* function f:R? -» R such that Vf(x,y) = (-y,x) for
all (x,¥) € R*? Find such a function or prove that it does not exist.

(10 points) Construct a function f:R* —» R such that f, and f, exist at (0,0) but f
is not differentiable at (0,0).
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1. [10%) Let {v1,v2,v3,v4} be a linearly independent sct in some vector space over C. Find all
value(s) of k € C for which the set {v1 + kva, vy + kvz, vg + kug,v4 + ku1} forms a linearly
independent set.

2. [30%] Let S be the set of solutions to the system of linear equations

z—2y+z2=0
20— 3y—z=0.

(1) Prove that S is a subspace of R®.

(2) Find a basis for this subspace S.

(3) What is the dimension of S?

(4) Let {v1,7v9,...,va} be a linearly independent subset of . What is the possible maximal
value of n?

3. [15%] Let T be the linear transform on the set M,(R) of n x n matrices over R defined as
T(A) = (A+ AY)/2, where A? stands for the transpose of A € M,(R). Find all eigenvalues of
T.

4. [15%] Find the Jordan form of the matrix

-1 -3 3 =3
-3 -1 -3 3
3 3 -1 -3
-3 3 -3 -1

5. [15%] Let 7 : R® -3 R? be linear so that its matrix representation under some basis of R? is

1 - o
g oF 0 |
0 0 202

Show that there is no trivial invariant subspace for T

6. [15%] Let T:V = V be a linear map, where V' is a vector space with dimension n. Suppose
that there cxists some vector v € V satisfying 77 1w # 0 and T™v = (. Show that with
respect to some basis of V, 7” has the matrix representation of the form

01
0

—

End of Paper
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