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All variables are real numbers. n denotes natural numbers.

1. (15%) Let f : [a,b) — R be a continuous and strictly increasing function.
Suppose that the inverse function f~! exists. Show that f~! is Riemann integrable on

[£(a), SO

> .n
2. (15%) Does Z %e_m converge for all z € [0,1]7 Show your reason.

n=1
3. (15%) Suppose that a sequence of differentiable functions f, : (—a,a) — R converges
to a differentiable function f : (—a, a) — R uniformly. Does f'(0) = lim f;(0)? Prove it
: n—00 "

or give a counter-example.

4. (15%) Find c € R such that |c — sin | < 0.0001.

N

5. (20%) Let F': (0,00) x (0,00) — R and F(z,y) =] e™|sint| dt.
0

(i) Is F' continuous with respect to z and y? Show your reason.

(

' oF
ii) Is F differentiable with respect to = and y? Show your reason. If it is, find B

6. (10%) Use Green’s formula to show that the area of a bounded closed regular

domain 2 C R? equals f zdy.
a0

7. (10%) Find a function f : (—1,1) — R such that f' exists only at z = 0, ie,
f is differentiable at 0 and is not differentiable elsewhere.

ERiE R
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1. [10%] Let P, be the space of all polynomials with real coefficients and of degree at most
2. Define a function f : P, — R3 by f(p(z)) = (p(1),p(2),p(3))" for any polynomial
p(z) € P,2. Determine whether f is a linear map or not, and justify your answer.

2. [15%] Let A be an m x n real matrix and x a vector in R®. Show that Ax = 0 if and
only if ATAx = 0.

3. [15%] Let V = {(z,y, 2,w)" : z +y + z +w = 0}. Determine the dimension of V and
find an orthonormal basis of V. (A basis is orthonormal if its vectors are of length one
and mutually orthogonal.)

4. [20%] Suppose (z;,4:), ¢ =1,...,4, are four given points in R? such that zi,...,z4 are
distinct. Show that there exists a unique polynomial of degree at most 3 that passes
through these four points.

5. [20%)] Let A, be the n x n matrix whose ¢, j-entry is 1 if ¢ # j and 0 if i = j. Compute
det(A,) as a function of n.

6. [20%)] A real symmetric matrix is positive definite if all of its eigenvalues are positive.
Suppose A is a real symmetric matrix and P is a positive definite matrix. Show that
each eigenvalue of PA is real.
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[1]. (14%) Let A € R™™™ be a matrix whose eigenvalues are less than 1 in magnitude.

Show that (I — A)™" exists.

[3]. (14%) Let A € R™*™ be a singular matrix and B € R™™" be a nonsingular matrix.
Prove that AB has the same eigenvalues as BA.

Lo B
_ oo

[2]. (20%) Find a Jordan canonical form for the matrix A = ' =1
'

[4]. (16%) Find the projection matrix onto the plane 2z —y —z = 0 in R?.

[5]. (18%) Let Ps be the set of all polynomials with degree less than 3.
Let L he the operator on F; defined by

L(p(z)) = zp'(x) + (2* +2) p" ().

(a) Find the matrix A representing L with respect to the ordered basis [1, &, 152].
(h) Find the matrix B representing L with respect to the ordered basis [1, 2. + 2].
(c) Find the matrix S such that B = S71AS.

(6], (18%) Liet

2 5 4
65 3 D
4=1'g 3 B
2 5 4
(a) Find orthonormal hases for the range of AL,
(h) Find orthonormal bases for the nullspace of A.
(c) Compute ||A],.
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Please write down all the detail of your computation and solution.

1. (25%) Evaluate (1) (8%) limu—so(7"++/10 ")V, (2) (8%) [5 Inz de, (3) (9%) & f;j; sin £°dt.

isecxl
2. (15%) Find the general solution of differential equation 2z%y/(z) + *(z) = 2zy(z).
3. (15%) Compute the Taylor series for arcsinz at = 0. What is its radius of convergence?

4. (15%) Let C be the intersection curve of two surfaces 22y +2x+2° = 16 and 322 +3°—22 = 9.
Find the tangent line of C at (2, 1, 2).

5. (15%) Find all saddle points, relative maxima and minima of f(z,y) = 22y + 1 — (z* + 3?)/2.
Use second partials test to prove your results.

6. (15%) Use a double integral in rectangular coordinates to compute the volume of unit ball.
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1. Consider the following two groups of students: Group 1 consists of students who spend
less than $1000 per week on food; Group 2 comprises students who spend over $3000
per week on food. Let p; and p, equal the proportions of students in these two groups,
respectively, who believe that food is expensive. If 1615 out of a random sample of
2020 students from group 1 and 182 out of random sample 303 from group 2 believe
that food is expensive.

(a)(10%) Give a point estimate of p; — ps.
(b)(10%) Find an approximate 90% confidence interval for p; — ps.

2. Let X3, Xs,..., X, be a random sample of size n from the distribution with the prob-
ability density function f(z|) = ;20799 0 <z <1and 1 <6 < oco.
(a)(10%) Find the maximum likelihood estimator (MLE) of 62.
(b)(10%) Ts the MLE of 62 unbiased? Why?
(¢)(10%) Find the Rao-Cramér lower bound for the variance of an unbiased estimator

of 0.

3. Let X follow the normal distribution with mean g and variance 144. To test Hy : o = 70
vs. Hy @ p > 70, let the critical region be defined by C' = {(z1,29,...,235) : T > T3},
where T is the sample mean of a random sample of size n = 36 from this distribution.
(a) (10%) What is the power function of p for this test.

(b) (10%) If Z = 73.41, find the p-value.

4. (10%) Let {A.} be a sequence of events. Show that if P(A4,) =1foralln=1,2,...,
then P((o, An) = 1.

5. (10%) Let X, Xs,...,X, be independent random variables with Pr(X; = 1) = p =
1—Pr(X;=0). Let Y, =Y., X; and P, = Pr(Y, is not an odd number). Show that

B,—F, i=p(1—-2PF, i), n > 1.

6. (10%) Assume that X is a positive continuous random variable having a nonincreasing

probability density function f(z), z > 0. Show that

’f(z) <2E(X), z>0.
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Cumulative Standard Normal Distribution $(z) = / o e~/ dy
—o VIR

z | 000 00L 002 008 004 005 008 007 008 000 | z
0.0 | 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 05239 0.5279 0.5319 0.5350 | 0.0
0.1| 0.5392 0.5438 0.5478 05517 0.5557 0.5596 05636 0.5875 0.57i4 05753 0.1
02| 05793 0.5832 (.5871 05910 (.5948 (0.5087 06026 0.8064 0.5103 0.61411] 0.2
0.3] 0.6179 06217 0.6255 06203 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517 | 0.3
0.4| 0.6554 0.6591 0.6628 0.6664 06700 0.6736 0.6772 0.6808 0.6844 0.6879 | 0.4
0.5| 0.6915 0.6950 0.6985 07019 0.7054 07088 0.7123 07157 07190 0.7224 | 0.5
0.6| 0.7257 07291 0.7324 07357 07380 0.7422 0.7454 0.7486 0.7517 07540 | 0.6
0.7| 0.7580 0761l 0.7642 07678 0.7704 07734 07764 07794 0.7828 0.7852.| 0.7
0.8| 0.7881 D.7910 0.7939 0.967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133 | 0.8
0.8} 0.8159 O0.B186 0.8212 (.8238 (8264 0.8280 (0.8315 0.8340 0.8365 0.8389] 0.9
1.0 0.8413 0.8438 0.8461 0.8685 0.8508 0.8531 0.8554 0.8577 0.8509 08621 1.0
11| 0.8643 0.8665 0.8685 08708 0.8729 0.8749 08770 0.8790 0.8810 0.8830 | 1.1
12| 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015 | 1.2
13| 09032 09049 0066 0.0082 09099 00115 00131 00147 09162 09177 | 1.3 |
14| 09162 00207 09222 09236 09251 09265 0.0279 0.9292 09306 09310 | 1.4 |
15/ 09332 09345 0.9357 00370 09382 009394 0.9406 09418 09420 09441 | 1.5
16| 0.9452 (9463 0.8474 0.9484 0.9405 0.9505 0.9515 (.9525 0.0536 0095645 1.8
1.7| 0.b554 09564 0.8573 0.0582 0.9591 0.9599 0.9608 (0.9616 0.9825 0.9883| 1.7
18] 09641 (.9649 .0.9856 (.9664 0.967L 0.09678 0,968 (09693 0.9699 0.9708| 1.8]
19| 09713 09719 0.9726 09732 09738 0.0744 09750 09756 09761 09767 | 1.8
2.0 09772 00778 00783 05788 09793 0.0798 00803 0.0808 0.0812 0.0817 | 5.0
24| 09821 09826 0.9830 0.9834 009838 09842 09846 0.9850 0.9854 0.9857 | 2.1
22| 09861 09864 0.9868 0.9871 0.0875 0.9878 09881 0.0884 09887 0.9800 | 2.2
23| 09893 09896 0.9898 0.9901 09904 09906 09909 0.9911 09913 0.9916 | 2.3
24| 0.9918 09920 09922 0.9925 00027 0.9920 0.9931 0.9932 0.0034 0.0036| 2.4
251 00938 0.0040 0.9041 0.0943 0.9945 0.9946 09948 09949 009951 0.9952| 2.5
2.6 | 0.9953 0.9955 0.9956 0.0957 0.9959 0.9960 0.9961 0.9962 0.0963 0.9964 | 2.6
27| 09965 0.9966 0.9967 0.9968 09989 0.0970 0.9971 0.9972 09973 0.9974| 2.7
28| 0.9974 0.9975 09976 09077 0.9977 0.9978 0.9979 0.9979 00980 0.9981] 2.8
20| 09981 (.0082 0.0982 09983 09984 00984 0.0985 0.9985 009986 0.9988] 2.9
3.0 0.9987 (0.9987 {0.9987 0.9988 09988 0.998% (0.0989 0.9989 (0.9990 0.89901{ 3.0
31| 09990 09991 09991 09991 09992 0.9992 0.9992 0.9992 09993 0.9993 | 3.1
3.2 0.9993 00993 0.9984 009994 09994 09994 0.9994 0.9995 09995 0.9095 | 3.2
83| 09995 09995 09995 09996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997 | 3.3
3.4 | 0.9997 09997 0.8997 09997 0.9997 0.9997 0.0997 00997 09997 0.9998 | 3.4
35| 0.9998 0.9998 0.9998 09998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 | 3.5
3.6 0.0998 0.9998 0.9999 0.0999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 | 3.6
3.7| 0.9999 0.9999 0.9999 09999 0.9999 0.9999 0.9999 (0.9999 0.0999 0.9999 | 8.7
38| 0.9999 0.9999 0.9999 0.0999 0.9999 09999 0.9999 0.9999 0.9999 0.9999 | 3.8
3.9{ 1.0000 1.0000 1.0000 1.0008 '1.0000 1.0000 1.0000 1.0000 1.0000 1.0000| 3.9
# | 000 001 002 003 004 005 006 007 008 005 | z
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1. (a) (5%) Use an approm_mate Riemann sum to evaluate the limit

i (4 gt e ‘*‘Jﬁ)

2+h
(b) (5%) Evaluate the limit ’13:?) V2 +V2+tdt.
—

2. The horizontal line y = ¢ intersects the curve y = 2z — 32° in the first quadrant as

shown in the figure. Find c so that the areas of the two shaded regions are equal.
y

A

SN

3. Find the indefinite f 0 dz.

ez
e2z41)(e*—1)

4. Determine whether the series Y ., % converges conditionally or absolutely, or
diverges.

5. Use Lagrange multlphers to ﬁnd any extrema of the functmn f(z,y) = 2>+ 3zy + y
subject to the constraint z? + 3 < 1.

6. Find the area of the surface given by z = f(z,y) = 7 + 2z + 2y over the region
R={(z,y): x> +y* < 4}.

7. Let A be a 2 x 2 matrix with eigenvalues 3 and 1/3 and corresponding eigenvectors
vy = B] and vo = {_11j| . Let {xx} be a solution of the difference equation Xp4; =

g .
-Axk: Xy = [1j|

(a) (5%) Compute x; = Axg

(b) (5%) Find a formula for x; involving k and the eigenvectors v and vs.

8. Find the equation y = Sy + f1z of the least-squares line that best fits the given data
points: (0,1), (1,1), (2,2), (3,2).
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9. Let A and B be symmetric n x n matrices whose eigenvalues are all positive. Show
that the eigenvalues of A + B are all positive.

10. Find the change of variable x = Py that transforms the quadratic form xT Ax into
yT Dy as shown 512 + 673 + 723 + 42172 — 42273 = 9y? 4 6y2 + 3y3-
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