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Notation: pdf: probebility density function; cdf: cumulative distribution function; iid;
identically independently distributed. Zo i the value that cuts off a right tail of areg o in
the standard normal distribution. taqr 1s the value that cuts off a right tail of area « in the
¢ distribution with degree of freedom df.

1. (10%) An automobile insurance company has a policy that reimburses a loss up to a
benefit limit of 10. This is to say that if the loss is under 10, then the loss is fully paid.
If the loss is more than 10, then only 10 is paid.

Assume that the loss of & policyholder, X, follows a distribution with the pdf f(z) =
2273 if z > 1; f(z) = 0, otherwise.

Please calculate the expectation of the benefit paid by the insurance company under
the policy described above.

2. (20%, 10% each) X, ..., X, are iid. continuous random variables with pdf f (z) and
cdf F'(z}. Define the survival function .S (z) = P(X1 > z) and empirical survival func-

tion Sp(x) = Mj"p"l, where Iy is the indicator function. Let u < 1. Please answer
the following questions. (a) Calculate Cov(5n(u), Sn(v)). (b) Find the asymptotic joint
distribution of +/n(S,(u) — S(u)) and V(55 (v) — S(w)).

3. (20% 10% each) Xi,..., X, are i.id. random variables with uniform distribution on
[3,6] (i.e. Unif[3,6]). Denote the order statistic by Xy < Xgy <--- < X (m)- (a) Please
calculate the variance of Xy
(b) Please prove that X(n) converges to 6 in probability.

4. (20%, 10% each) X, ..., X,, are i.i.d. normal random variables with unknown mesn 1
and unknown variance o2. ¥;,...,Y, areiid. normal random variables with unknown
mean /g and unknown variance o2. Z, ... , &, aze iid. normal random variables with
unknown mean p3 and unknown variance o?. Let X ,YandZ are the sample means for
1, p2 end pg, respectively. (a) Please derive the likelihood ratio test for testing the
null hypothesis Hy : py = o = t3 against the alternative hypothesis that at least one

of the means is different from others .
(b) Please calculate the 100(1 — @)% confidence interval for 1+ 29 + 3u3.

5. (16%) Let X and Y are ii.d. normal random variables with mesn # and varjance o2.
Z = X +3Y. Please find f(Z) so that E[(X — f(Z))?|Z] reaches minimum (f(Z)is a
function of Z). Please express your answer using p and o and Z.

6. (15%) X1,..., X, are i.i.d. normal random variables with mean y and variance 2. To
estimate o?, for what value of ¢ does ¢y i q(X; — X)? has the smallest mean squared
error? Prove your answer.
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[1]. (16%) Determine the nullspace of the matrix.
1 1 -1 2
1 2 -3 -1
(fm)[_2 4 6 3} () | 2 2 -3 1
-1 -1 0 -5

(2]. (14%) Given the matrix

11 1 1

1 2 3 4
A= 1 3 6 10

1 4 10 20

(a) Compute the LU factorization of A.

[3]- (14%) Let A and B be n x n. matrices.
(a) Show that AB = O if and only if the column space of B is a subspace of the nullspace of A.
(b) Show that if AB = O, the sum of the ranks of A and B is not bigger than n.

[4]. (12%) Let A € R™*" and b € R™, and let xo be a particular solution to the system Ax = b.
Prove that a vector y € R” is a solution to Ax = b if and only if y = %o + 3, where z is in the nullspace of A.

[ 0o 2 -1 ]

A= 2 3 -2

-1 -2 0

(8) Find the characteristic polynomial.

(b) Find the cigenvalues and the corresponding eigenvectors.

(c) Find a matrix C and a diagonal matrix D such that D = C1AC.

[5]. (18%) Let

[6]. (14%) Find the best least squares fit by a linear function to the data

r]-1]0]1]2
y|O0]1[3]9

-1 1
0 3

[7]- (12%) Let x € R™ and show that
(@) lIxl; <nlxf, () Ixll, < VAl
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1. [15%)] Let N be the set of all positive integers. Consider a set of numbers
A={1+412+13+1|neN}
i. [8%)] Find sup A and limsup A.
ii. [7%)] Is A closed in R? State your reason.

2. [10%)] What is an equivalence relation?

3. [10%)] Is R a compact set? State your reason.

4. [10%] Let & : R — R be the step function such that, for any integer &, a(z) = 2k
if and only if k <z < k+ 1. Evaluate the Rlcrnann-StlelLJes integral fo z do.

<

. [10%] Find two divergent infinite series Z a, and Zb such that both

n=1 n=1
L(an ) and L an + bn) converge.
6. [15%]
i. [6%] Find the limit function of the sequence of functions fi(z) = z*, = € [0, 1],
k=1,2,3,....

ii. [9%] Does fi(z) converge uniformly on [0, 1) as k — co? State your reason.
7. [15%]
i. [8%)] Suppose y > 0. Show that /oo e ®sinz dz =
integration by parts.) _ ’
ii. [7%)] Use (i) and /Ooo 512xd$ = g- to find the function F'(y) = /Ooo e
8. [15%]
i. [8%] Find a function f: R — R such that both Z f and 5% f exist at the origin
(0,0) but f is not differentiable at (0,0). (You don’t necd to state your reason.)

1 T . B
77 (Hint: use the

sinc

dz.

ii. [7%] In your example, are (%f and a%f both continuous at (0,0)? State your

reason.

HAFEAME



Bl K2 108 5K
BEBALEIB AL KRR

FHEEMSE  Rtu® [REARLTHET @]

—EEE R FE—

ZREFR 1 100 448

FRABEN TN RE  EAFEFE P - HFE - FhAhELE
B (F) 2 BAEHRS - £A%E - BRAMNEB AT ERHE > Jof RE LK
HERARRE -

BEEARAE - REEEHPHER -FEIFETF THEFRELE - &
EEAEXFER - RABER (F) ~ F&EGMTESH) - BA
BHEREA—HEEL  AESBFTRE FHEHEL -
BEFHU2BAEE R ATERBEER (F) Be > REA 2B
R XBRIFBRAZHEAELZWHREES A RaE484
Bt - |

BEAE (F) BRFFRERYE  AHENE - BOEREUEEBEHRG
B FABEEXANL  BAEEREILLEZEMIIETXFERY
% o .
TEERATERFRAAENNRERZE o "I ER - B
EAH  BAFEFEAAN LBRRIUBEIERL A HRRGR
EERNPFZEBEEMN B (WS - THEZ - TTFRRE) A

[+

SEREERS (F) BELME , RMEESDRRUSOEHE,
SRS ESIE | 4R RS E RS,
IR E AR R R R B S G R R,

S




Blaf LXZIBEFRALE AL FHELE FRXAY

B aA% ket [ Bk AAEIE T4 ) A%+ 424001
MOAH AR SEIAE T AT |48 A (RIA &3 2) £1A %1 H

R 108 o BAY » ARG T AR S b o
BRSNS RAERMANE FAREG S o

1. Find the eigenvalues of the linear transformation f : R® — R3 given by

f(z,y,2) = 3y — 2,2 — y + 22, 42).
arcsecxe
ZLafuy=/ Vtdt. Find f'(2).
1

3. Evaluate/ z?e% dz.
0
4. Evaluate / ~ / - L dzd
. “Jo Jo 14+ (z2+92)? v

Vi-z? 8- :Acz-—y2
5. Evaluate / / / 2% dzdydz.
I2+J ,

1
1 -7
6. Evaluate / v dx.
12 7

7. Find the absolute extrema of f(z,y) = e~2="~2zv*=5y"~6z+6y*-8,

8. Find the points on the surface zy ~ 2% = —3 that are closest to the origin.

Ic

9. Find the interval of convergence of Z B

sinz
dz.

10. Determine the convergence or divergence of /
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1.

2.

3.

4.

Please write down all the detail of your computation and solution.

(10%) Evaluate &5 [ 1(s — t)2f(s)ds.

(10%) Evaluate [, ﬁ

(10%) Use the definition of derivative to compute -& cosz.

(10%) Let n be an integer, r = (2,7, 2) and r = /22 + y2 + 22. Compute V7" for r # 0 and
express it in terms of r and r.

(15%) Plot the graph of f(z) = ?2;—3”2*:-4 and indicate all its asymptotes, inflection points and
relative maximum and minimum points.

. (15%) Compute the Taylor series of f(x) = V1+z at = 0. What is its interval of

convergence?

(15%) Solve the differential equation zy'(z) = ¥*(x) with y(0) = 1. What is its solution if
y(0) = —17

(15%) Find the volume of the solid region bounded by the surface 22 4+ 2y* + z = 4 and the
zy-plane.
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[10%] Let S = {[1 1] , [1 2] , [5 7} } be a set of matrices. Determine whether S is an
independent set or a dependent set in the vector space of all 2 x 2 real matrices.

[15%)] Let
1 2 -1 0 1200
A=100 1 -3 andR=1|00 1 0
2 4 -1 -2 0 001

It is known that R is the reduced echelon form of A. Find a matrix F such that KA = R.

[15%] Let A and B be two n x n matrices. Then p(t) = det(A + ¢B) is a polynomial in ¢.
Suppose B is invertible. Show that p(t) is a polynomial of degree n.

11 -1 0 21 0 -1
A=11 0 1 =-1| andB=1{4 2 -4 1 |.
21 0 -1 6 3 0 -3
Let N(A) and N(B) be the null spaces of A and B, respectively. Find a basis for N(A)NN(B).

[200()] Let

[20%)] Let P, be the vector space of all polynomials with degree at most 2 and with coefficients
in R. Then By = {1,z,2%} and B, = {1,z — 1,(z — 1)%} arc two bases of P,. Thus, every
polynomial p € P, can be written as

p=ap+ a17 + apz® = by + by(z — 1) + by(z — 1)?

for some ag, a1, as and by, by, be. Find the matrix A such that

for every p € Ps.

[20%)] Let

hN

I
== e e O
oo o+
oo o~
cCo o

1
0
0
0
0000

Find the eigenvalues of A, including the multiplicities.
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