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1. Use implicit differentiation to find the tangent line at (2 2) of the graph of the
function 2z® — 3y? = 4. Also find the second derivative & = at (2,2).

2. Evaluate the limits.
(a) lim tan2z - tan(% — z).

T %
(b) Suppose 1_i+m fllz) =A, a> 0, find li)m {f{z+a)— f(z)}.
3. Consider a segment of the curve described by the equation z3 + y% =1 in the first
quadrant (i.e, when 0 <z <land 0 <y <1).

{a) Find the length of the curve.
(b)‘, Find the area of the surface generated by revolving the curve about the z-axis.

. D1 . . 1
4. Find the antiderivative [ =tL_ - dz.

_ 5. Consider the power series ) > fml(-l)ll)‘:(f:l-l)

(a ) Determine its radius of convergence.

(b) Determine its interval of convergence.
6. Find and classify the critical points of the function f(z,y) = z* + y* — 4zy.

7. Find the area of the sphere 224y + 22 = 4 lying inside the cylinder (z —1)2+y2 = 1.

: 2 -2 =2
8. Diagonalize the matrix |3 —3 —2| with the real eigenvalues A = —2, —1, 0.
2 -2 =2 :

9. The given set

) ]

is a basis for a subspace W. Use the Gram-Schmidt procesé to produce an orthogonal
basis for W.

10. Make a change of variable, x = Py, that transforms the quadratic form 2+ 103175+
72 into a quadratic form with no cross-product term. Give P and the new quadratic

form.
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. (10%) Let F =2£+———+[ ws®} ds. Find F” d F*(z).
(10%) Let F' (x) Tt ), cos {ms®} ds. Find F'(z) an (z)

. {16%)
(a) Find the Taylor series of f (2} =sin(z) at z = 3.
£ — sinz®

(b) Evaluate };1_13(1} o

. {20%) Evaluate the following integrals.

. b oD 1
* cog xd b ——dx
{a) /u e* cos xdz {b) /_mm2+2x+5

o0 3"’
. {14%) Find the interval of convergence for the power series Z; (5z — 1)™.

a=l1

. (12%) Find the area of one leaf of the three-leaf rose r = sin 3¢.

FE
(14%) Evaluate the iterated integral f ) / " sin {z?) dzdy.
a ¥

(14%) A bike is traveling west at 20 km/h and a car is traveling north at 80 km/k. Both
are headed for the intersection of the two roads. At what rate are the bike and the car
approaching each other when bike is 30 m and car is 40 m from the intersection?

€

bike
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~ 21y = 2
Ty —Z9+ T3+ 224 L (10%)

1. Find the general solution of
: Ti+x9—23—x4=1

1 -11
2. LetA=]1 2 0|.IsAinvertible? Find A~ if it exists. (10%)
2 0 1
(10 1 1
3.LetA=|1 2 —1 -1 |.Find a basis for the null space of A and a basis
01 -1 -1 '

for the image space of A. (15%).

. .
4. Let A= [ i ) J Find an orthogonal P such that P~1AP is diagonal.

Also, find a matrix B such that B07 = A. (15%) -

5. Let A be an n X n matrix and {X1, X2, . .. , X} be a subset of R".
(a) Prove or disprove: If A is invertible and {X;, Xy, .. ., X3 } is independent,
then { Axy, AXs, ..., Axy} is independent. (10%)

(b) Prove or disprove: If {x,Xs, ..., %X, } and {Axy, AXs, ..., AX;} are
independent, then A is invertible. (10%)

6. Define T': R? — R2 by T(z,y) = (z — 2y, % + ). Find the matrix of T
relative to the ordered basis B = {(1,1)7, (=1,1)}. (15%)

9 —1]- | |
7.Let A= .Find AM 4+ A —5A2 4 AP+ A* —5A3+ A2 — A+21.

(15%)
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1. [10%] Find the Taylor series expansion for the function

1

X

about = 0 and find the convergence of interval of the series.

[15%] Define f:R2 =+ R as
5/2

f(z,y) = 22 +y2

for (x,¥) # (0,0) and f(0,0) =0. Is f continuous at (0,0)7 Verify your assertion.

[15%] Let {an} be a positive sequence with 3 a, divergent. Show that the series

a
Z 1 +“an

also diverges.

[15%] Let {fn} be a sequence of continuous functions defined on [0, 1], and suppose that the
limit Bmy, o0 frn(2) = f(z) exists for any = € [0, 1].

(1)[7%)] Is f continuous on [0,1]7 Verify your assertion.

(2)[8%] Is it true that

Jm [ ' fa(e) do = / ' (o) o

Verify your assertion.

[15%)] Show that the equation
z? o +y+sinz®+42) =0

determines a unique solution y as a function z near the point (0, 0) and show that this unique
solution is differentiable at 0. Find the derivative 3/(0).

[16%] Show that for any continuous function f : [0, 1] — [0, 1], there exists a point £ € [0,1]
for which f(¢) =¢.

(1)[8%)] Is the intersection
n
(Ve
k=1
of open sets V4,..., V, in some metric space X open in X? Verify your assertion.

(2)[7%) Is your assertion in (1) still true if the finite intersection is replaced with a countable
intersection of open sets in X7 Verify your assertion.

%
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(18%) Answer the following questions.
(2) What is the vector space?
(b) What is the linear transformation?

(¢) What is the rank of a matrix?

. (14%) Let

1 1
-2 -1
A= 0 0
3 4

(a) Solve the linear system Ax = b for x.

(b) Compute det(A).

. (18?0) Let

(a) Find the characteristic polynomial.

=N O

fuy

(== wly L

c
Wt,

—6
-1
-2
—6
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(b) Find the eigenvalues and the corresponding eigenvectors.

(c) Find a matrix C and a diagonal matrix D such that D = ClAC.

1 2
A=11 1 and b=
1 2

(a) Use the Gram-Schmidt process to find an orthonormal basis for the column space of A.

(16%) Let

(b) Solve the least squares problem Ax =b.

. (16%) Let T : R® —s R3 be defined by

T (x)= l:

(a) Find a matrix A such that T’ (x) = Ax for each x = (w1, 22, a:g)T in R3.
(b) Let 8= ([1.1,1]).[1,1,0},[1,0,0]) be an ordered basis of R3.
Find the matrix representation B = [Tz of T" with respect to 5.

(18%) Let A be an m x n matrix. Show that
(a) The nullspace of AT A is the nullspace of A.

(b) AT A and A have the same rank.

21 + x2 + 3x3
2y — 2 + 225

321 + 272

b

== O

6
0.
3
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Notation:

: identically independently distributed; pdf: probability density function; MLE: maxi-
mum likelihood estimator; ezp(#) random variable means a random variable with exponential
distribution with a parameter 4 and its pdf is f(z|6) = %e‘%, z > 0. X is the sample mean
of Xi,...,Xn. Bin(n,p) indicates the Binomial distribution with n independent Bernoulli
trail and each trail has success rate p. ' Unif|a,b] represents the uniform distribution within
[a,b].

(15%) The joint moment generating function for random variables U and V is defined
as M(s,t)=E(exp(sU +tV)). X and Y are independent random variables with common
moment generating function M (t) = exp(5¢%). Let U=X +Y +3 and V =2X —2Y.
What is the joint moment generating function for U and V7

(15%) Assume the distribution of IV is Bin(m, p). Conditional on N = n, the distribu-
tion of Y is Bin(n, q). What is the unconditional distribution of Y7 '

(15%) Let X1, . .., Xan be iid Unif[0,3]. The order statistics are Xy <X << Xim)
What is the expectation of X7

(15%) Let Y; ~ an(nz, pi),t = 1,...,m, be mutually independent. Please derive the
likelihood ratio test with significance level « for the null hypothesis

Hy:p1=...=pn

against the alternative hypothesis that not all the p; are equal. You have to specify the
test statistic and the asymptotic rejection region.

(20%) Xi,. .. ,X,;, are 1.i.d exp(#). Please answer the following questions.
(a) (5%) Prove X and % are independent.

(b) (15%) Use (a) to derive the UMVUE for the parameter P(X; > 1) = e 0,
(

20%) Xi,..-, X, are independent random variables with X; being distributed with
N (u, w;0?), where w; are known constants and x and o? are unknown parameters).

(a) (10%) Please find the MLE for p.

(b) (10%) Calculate and the mean squared errors of the MLE derived from (a) and X

for . Which one has smaller mean squared error (you have to prove your answer)?
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