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Notation: s
iid.: identically independently distributed; pdf: probability density function; MLE: maxi-
mum likelihood estimator; Exp(f) random variable means a random variable with exponential - -
distribution with a parameter 6 and its pdf is f(z|¢) = %e‘%, z > 0. X is the sample mean.

1. (15%) Xi,...,X, are i.i.d. random variables with mean u and variance o?. Assume
u # 0. What is the asymptotic distribution of
11

Z'?:l Xz2 2
Vilg = )+ =

Express your answer using u and o.

2. (15%) A stick of unit length is randomly cut into two pieces. Please compute the
expected ratio of the length of the shorter piece to that of the longer piece. |

3. (15%) Let X;,...,X, be iid. Fzp(l) random variables. Défine the random variables
Y,...,.Y,byY;=1if X; >3 and ¥; =0 if X; < 3. Find the distribution of Z?=1 Y.

4. (20%) Let X3,..., X, be Ezp(6;) random sample and Y7, ...,Y, Ezp(fz) random sam-
ple. X’s and Y’s are independent.
Find the likelihood ratio test of Hy : 81 = 05 against H, : 0; # 0, with significance level
a (You have to specify the test statistic and the rejection region). -

5. (20%) Xi,...,X, are i.i.d. Bernoulli(p) random variables. Let ¢ = P(X; = 1,X, =1).
Find the uniformly minimal-variance unbiased estimator (UMVUE) of g.

6. (15%) Let Xi,..., X, be a random sample from a continuous distribution F (no ties).
The distribution of F has mean u and variance o2. Let X7,..., X be the sample with
replacement randomly chosen from Xi,...,X,. Let X* = Z“—;—)—g Please Calculate

Var(X*) (Express your answer using o and n).
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[1). (14%) Let

sin (2:2) -
) —T_ for a 74 0.
fay=4 ¢
1, for & = 0.

(a) Is f(x) continuous at x =0 7 Why?

(b) Is f(z) ditferentiable at & =07 Why?

[2] . ( 1 40—())

. 3T ;
(a) Let f(z) =3%sin (Tll) . Find the cquation of the tangent line at 2 = 2.

(h) Let f(z.y) = 2e—(=+1)*~(v—2%  Pind the equation of the tangent planc at (—1,1).

[3]. (16%) Let @, b, ¢ > 0. Use any method in calculus to show that
T2 g2
(a) the area of an ellipse 77’3 + l—i,_,— =1 is wab.
; . T T R
() the volume of an cllipsoid pe3 + 7l + == 1 is gmabe.

W

. oo & n
1e : : . a—2)
[4]. (12%) Determine the interval of convergence for the power series E L—‘—,Tl—
n3s

n=1
[5]. (20%) Evaluate the following integrals.
o0 0 3 _ J.
: z—2)2c"d: -z
(a) _/:; (z Y e de (b) /_1 = 9w 1d1

[6]. (12%) Solve the differential equation y’ + 2y = €3 with y(0) = 1.

] o2 ¢ 02
[7]. (12%) Show that the Laplace equation 5-1% -+ %))'—£ = 0 in the coordinates (r,8).
R y
where = rcosf and y = rsin 6, is
2 1 E 82
S L L0710
or2 " rdr 12 062
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Please write down all the detail of your computation and solution.
1. (16%) Find a, b, ¢, d such that the linear system

9a‘ay 2z =
3z +6y+3z=d

has (1) a unique solution, (2) infinitely many solutions, (3) no solution.

2. (15%) Consider the planar transformation F reflects a vector about the line z + y = 0, and
then rotates it 30° about the origin. Find the inverse transformation of F.

3. (15%) Find the projection matrix onto the plane 2 —y + 2 =0in R%.

4. (18%) Let A be an m X n real matrix and b be an n dlmenszonai real columm vector. Show
that exactly one of the following statements holds: (1)} Ax = b has a solution x, (2) A’y =0
has a solution y such that y*b #0.

{(20%) Let A be an n x n matrix. Prove A is diagonalizable if and oniy if A has n Lnearly
independent eigenvectors.

_c:z

6. {20%) Let A be an n X 1 nonsingular matrix and B be an n X 7 matrix. State the fastest nu-
merical method to compute (1) determinant of A4, (2} A~ B. How many arithmetic operations
are needed in (1), and what is the minimal memory needed in (2)?
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1. [10%] Let {v1,v2,v3} be a linearly independent set in some vector space. Show that the set

{v1 + v2,v2 + v3,vs + v1} is also linearly independent.

2. [30%] For any n € N, denote by.Pn(]R) the collection of polynomials over R with degrees less
or equal to n. Define a map T': P3(R) - R® as - N

for p € P3(R).

(1) [10%] Show that P3(R) is a vector space.

(2) [10%)] Show that T' is linear.

(3) [10%] Find bases for the kernel N(T) and range R(T) of T', respectively.

3. [15%] Let T" be the linear transform on the set Mn(R) of n x n matrices over R defined as
T(A) = A, the transpose of A € M,(R). Find all eigenvalues of T.

4. [15%] Find the Jordan form of the matrix

1111
1111
1111
1111

5. [15%] Let A be an m x n matrix with rank m. Prove that there exists an n x m matrix B so

that AB = I, the m X m identity matrix.

6. [15%)] Let V be a vector space with dimension n. Suppose that T :V — Vis a linear
transform and that there exists some vector v € V satisfying T v # 0 and T™v = 0. Show

that T" admits the matrix representation

with respect to some basis of V.

End of Paper




Baxd AL 106 25 AL BRI R ELNRA

#E L% HEARS [BRAHELERE] A% ¢ 424004
WA B RAEFRR AT, EANEARET B R 1EH1E

A SIS TR ERETEE. 510

1. Leta; = 2and apy1 = %—I—ifornz 1,2,3,....
(a) Show that {a,, } is a decreasing sequence.

-(b) Does {an} converge? If yes, find the limit.

2. Let f(z) = 2?sin(2) for z # 0 and f(0) = 0.

(a) Is f uniformly continuous on (—1,1)?

(b) Is f differentiable on (—1,1)?

3. Let f(z) = e~ forz # 0 and £(0) =0.
(@) Is f differentiable at x = 07

(b)Is f énalytic at z = 07

4. Let A and B be compact subsets of a metric space (X, d).
(a) Is AN B compact? Why?

(b) Is A U B compact? Why?

5. (a) Find the absolute maximum and minimum values of
flz,y) = 72 — 2z +1y? — 2y + 8 on the disk 22 +¢*> < 9.

(b) Evaluate the line integral Jo(#3 dz+y dy) where Cis the curve y = 2% +1
from (0, 1) to (2,5).
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