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Notation: cdf: cumulative distribution function; pdf: probability density function; mle:
maximum likelihood estimator; iid: identically independently distributed. z, is the cut-off
point of standard normal distribution with the upper tail probability a. X2, is the cut-off
point of chi-square distribution with degrees of freedom n and upper tail probability «. Use
significance level « for all the tests below.

1. (15%)An urn contains five red and two white balls. A ball is drawn, and then it and
another ball of the same color are placed back in the urn. Finally, a second ball is
drawn. Given the second ball drawn is red, what is the probability that the first ball

drawn was also red?

2. (15%) A point is randomly chosen in the interior of an ellipse: f; - %’; = 1. Let X
and Y be the z and y coordinate of the point, respectively. Given X = s, find the
conditional density of Y =¢.

3. Suppose that X3, ..., X, are iid with cdf
Ft)=1—-e®9 2> %6,

and F(t) = 0 otherwise. Here @ is the unknown parameter and 6 > 0.
(2)(10%)Please find the mle of the parameter 4.
(b)(10%)Find a one dimensional sufficient statistic for 6.

4. (15%)Let X3,...,X, be iid random variables from an exponential distribution with
density f(z) = Ae™*,z > 0,\ > 0. Find the uniformly most powerful test for Hy : A =
1 against H, : A < 1 (significance level @ = 0.05). Note that you have to specify the
test statistic and the rejection region (significance level is o).

5. Let Xi,..., X, be iid normal random variables with mean 4 and unknown variance o2.

Please answer the following questions. Significance level is a.

(2)(10%) Please test the Hy : o = 3 against H, : 0 < 3. Note that you have to specify
the test statistic and the rejection region (significance level is ).

(b)(10%) Find the 1 — o confidence interval for .

6. Let X1,...,X, be independent random variables with Var(X;) = 44,4 = 1,...,n and
common mean p. Let Y = Y " d;X;, where d; are scalars. Please answer the following

questions.
(a) (5%)Find a condition on the d;,4 = 1,...,n so that ¥ is an unbiased estimator of

A
(b) (10%)Given Y is unbiased for p, determine what values of d;, ¢ = 1,...,n would

make Y have minimum variance? You have to prove your result.
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1. [10%] Find a 3 x 3 matrix P satisfying

1 -1 2
Pl 2 =21 |=|0¢
-1 1 0

6 -2 -1 -1 0
-2 6 1 1 0
0 0 6 2 -1
0 0 2 6 1
0 0 0 0 4

3. [10%] Let V be a vector space, and let T : V — V be a linear transformation. Prove that
T? =0 if and only if range(T") C ker(T). Give an example of T for which range(T") = ker(7).

4. [10%] Let V be a finite-dimensional vector space, and let T : V — V be a linear transforma-
tion. Show that either T'(v) = 0 for some non-zero vector v € V or T'(z) = u has a solution

z in V for every ueV.
5. [15%] Let A be an m X n real matrix whose rank is n. Show that A4 is invertible.
6. [15%] Let A be an n x n matrix with A* = 0 for some k € N. Show that I,, — 4 is invertible.

7. [15%)] Let V be a vector space with dim V = n. Suppose that T': V — V is a linear transform
and that there exists some v € V satisfying A" 'v # 0 and A™v = 0. Show that A admits

the following matrix representation

with respect to some basis of V.

8. [15%] Let A and B be n x n real symmetry matrices, and A be positive semidefinite. Show

that there exists an invertible matrix P so that P!AP and P!BP are diagonal matrices.

The end of the paper
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[1]. (16%) Evaluate the following limits.

(a) lim

T30

ffs In (€-2) dt
por)

1 1 1 1
b) lim + + Tl ==
b) i, [\/4712 —12 V4an? -2 Vidn? -3 4n® —n J

[2]. (14%) Solve the differential equation 2%y’ () = 9el/=" _ 2y(z) with y(1) = —e.
[3]. (14%) Let f(z) = ffi e~"tdt. Find f'(z) and f”'(m).

[4]. (12%) Find the Ta;}'lor series of tan™!(z) at 2 = 0.

[5]. (20%) Evaluate the following integrals.

(a)f - dx (b) /03|$2—3x+2|d3:

2 —cosz

[6]. (12%) Let f (z,y) = /6 — 222 — 232 and g (r,t,0) = (rv/tcos,r\/tsind).
Use the chain rule to compute the gradient V f (g (»,t. 8)). .

[7]. (12%) Find the rclative maximum and relative minimum for g(z) = 52° — 32°.
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1.(25 points) Suppose that f is a mapping from a complete metric space .S into S such
that

d(f(z), f(¥)) < d(z,y)

for all z,y € S, where d(z,y) denote the distance from z to y. Show that there isa unique
zo such that f(zo) = zo.

2.(25 points) Let G be an open, simply-connected domain in R? with smooth boundary
0G. If P = P(z1,2;) and @ = Q(z1,7;) are smooth in R?, then show that

6Q oP _
L (3—$1 - 8—55'2) d$1d$2 = jgg Pdm‘]_ + Qd$2

where the line integral is taken into a counter-clockwise direction.
3.(25 points) Let m,n be positive integers. Show that

>
m3 +n8

0<m<oo,0<n<oco

existé.
4.(25 points) Given the function f: R? — R defined by

;ﬁ_g;gs (mlsmi’,) 7£ (O! 0)

0, - 231——»-{82-_—0

f(mla .’.Cg) =

Show that f is continuous at (0,0).
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Please write down all the detail of your computation and solution.

1. (10%) Find the third column of the following product matrix
T e L 3 _o\f 8_%5/? @« bc][-1231 -3
37 10 7 0 o (i3 il e el ilss Filie 2
In2 7 sin3 -1 | ) . ¢ a b 3 =21 V2
6 2 3
2. (15%) Find permutation matrix P, lower triangular matrix L and upper triangular matrix U
such that
0 0 -1 1 1
0 0 1 =10 i
o —itl oiilo affl =L
0 1 0 0 1
3. (15%) Let m x n matrix A be the matrix representation of linear transtormation L. Show that
(1) L is one-to-one <= all columns of A are linearly independent. (2) L is onto <= all rows
of A are linearly independent.
. (156%) For every n x n complex matrix A = (¢; j)nxn. define

1Al = J D lal®

i.j=1

Show that it is a matrix norm compatible with the vector norm

”(331,:52:"' . T

. (15%) Let

a b b b
b a b b
A= b b a b
b b b «a

Find and prove the necessary and sufficient condition on @ and b such that A is symmetric
positive clefinite.

. (15%) Let A be an diagonalizable matrix and ¢ be a parameter. Consider the linear equation

(A —tI)x = b. (1) Discuss the existence and uniqueness of x in terms of the values of ¢ and
b, eigenvalues and eigenvectors of A. (2) Find all of its solutions if they exist.

. (15%) Let n x n matrix A have all entries 1. Find all of its eigevalues, corresponding

eigenvectors, and its Jordan canonical form.
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