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® arctant
1. (10%) Bvaluate lim / BICRORT .

2
0o z

2. (10%) Evaluate/ e‘z\/x.— ldz.
1

3. (10%) Evaluate / e® cos® z dz.
0

4. (15%) Suppose that A € R and ijl aij = A fori=1,2,3,4 Let A= (a;;) be an

4 x 4 matrix. Show that A has an eigenvalue .

5. (15%) Calculate the area of the region §) enclosed by the curves

1 sinz

= , = - d 0<z<7/2.
2-+cosz —sinz Y 24+ cosz —sinz an <zs7/

Y

6. (20%) Find the interval of convergence of the function
1)? 2N, /3\°,
f(z) = (5) m+<§> T +<Z> o+

7. (20%) Find the critical points of the function f(z,y,z) = 2?4y + 22 — 2y + 2z2 — 22

and determine whether a relative maximum or a relative. minimum occurs at each

critical point.
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Ty — 6332 = b
. . Tg9 — 4.'173 -+ Ty = 0 . .
1. Determine if the system “Z1 4+ 63y + 35 + Bz, = 3 1s consistent.
— Ty + bzy + 4dzy = 0
2. Find the inverse of : B
[1 00 -+ 0
2 20 0
3 3 3 0
n non n|
[a b b b
b a b --- b
3.Let A= |b 0 a -+ b| FinddetA.
6 b0 b a|
-2 4 -2 —4 1 06 5
4. Assumethat A= | 2 —6 —3 1 | isrowequivalentto B= {0 ‘2 5 3|. Find
-3 8 2 =3 0000
bases for null space and column space of A. '
2 =2 =2
5. Diagonalize the matrix {3 —3 —2].
2 =2 =2

6. Assume the mapping
T(ag + a1t + ast*) = 3ap + (5ag — 2a1)t + (4a; + ag)t?
is linear. Find the matrix representation of T' relative to basis B = {1, ¢, t*}.
7. Show that [—A is invertible when all the eigenvalues of A are less than 1in magnitude.

8. Suppose the eigenvalue of a 3 X 3 matrix A are 3, 4/5, and 3/5, with corresponding

1 2 -3 —2
eigenvectors | 0 |, | 1 {, and |—3|. Let xp = {—5|. Find the solution of the
-3 -5 7 3

equation xz1; = Axy, for the specified x¢, and describe what happens as &k — 0.

9. If B is invertible prove that AB has the same eigenvalues as BA.
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10. For what numbers ¢ and d are A and B positive definite?

1
and B = |2
3

A=

= =0
Q
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Do all the problems with details. Each problem carries 20 points.

1.
(2) Find liminf [(~1)" + 1] and limsup [(~1)" + 1]. [10%]

(b) Prove or disprove: If every subsequence of {a,} converges to the same
limit, then {a,} converges. [10%]

2.
() Find the interval of convergence of %2, n(n — 1)z™. [10%)]

(b) Find the sum in (a) for z in the interval of convergence. [10%]

3. A
(a) Prove or disprove: Every subset of a compact set in the Euclidean
space R™ is also compact. [10%)]

(b) Let f be a cortinuous function on R. Is the set {z € R|f(z) > 0}
open? closed? or neither? [10%)

4. Let f, be a sequence of continuous functions on [0, 1]. Suppose that
fu(@) — f(z) for each z € [0, 1].
(a) Prove or disprove: f is continuous on [0,1]. [10%]

(b) Prove or disprove: lithn 0 fy fu(z) dz = 3 f(z) dz. [10%]

5.
(a) Evaluate the line integral [,y dz + z dy, where C is the curve z = 2,
y=¢€,0<t<1 [10%]

(b) Evaluate the surface integral [ [, ydo where (2 is the surface z = x4,
0<z2<3,0<Ly< 1. [10%] '

End of Paper
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fiL}. | '“/c.) Give the definitions of the limit of functions, the contimiity of fummum,
the derivative of funcrions, and the limit of sequences respectively.

[2]. (14%) Evaluate the following limits.

T - 3sine " sin 3L
(a) lim g— vh hm -
st O + 5~ Tsin 2z , 2—=0+2

[3]. {20%) Evaluate the following integrals.

0 ] . . .I. ,,')
{a) / ze1=dy . {b) / cln;
—eo : f V9 — :

[4]. (12%) Find the maximal and minimal distances between the origin and the ellipse 2° + zy + y? =12.

o

[5]. (12%) Find positive p values for which the series E’I:—; COTIVETges.
N=uL

[6]. (12%) Evaluate the following iterated integral.

L=

[7]. {10%) Solve the differential equation ¥ = —y—]—i with y(2) =

duh,r

[8]. (8%) Air is being pumped into a spherical balloon at a rate of 2.5 cubic centimeters per second.
Find the rate of change of the radius when the radius is 3 centimeters.
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Below are some well-known facts that you might need to use to answer the following
questions.
1.id.: identically independently distributed. CDF: cumulative distribution function. De-
note ®(t) as the CDF for the standard normal random variable. (0. 9) = 1.28, $(0.95) =
1.65, ®(0.975) = 1.96.

1. Tom spins a coin three times and observes no heads. Then he gives the coin to Marry.
Marry spins it until the first tail occurs, and ends up spinning it four times total.
~ Let p denote the probability the coin comes up heads.

(a) (10%) What is the likelihood of p?
(b) (10%) What is the MLE of p?

2. Let Xi,...,X, be iid. random variables with CDF F (ie. F(t) = P(X; <t)).

Define the empirical CDF F,(t) = z%—ﬁl, where 1 is the indicator function.
Please answer the following questions. '

(2) (10%)Prove Fy(t) is an unbiased estimator for F'(t).
(b) (10%)IF n is large, construct an asymptotic 95% confidence interval for F(t)
using F(t). (You have to give your reasoning)
3. Answer the following questions:
(a) (10%)Let X be a random variable with distribution exp(1). Find a constant ¢
so that it minimizes f(c) = B(X* - c)%

(b) (10%)You throw a fair dice (6 sides) once. Let the number you observe be
X. Therefore, X can be 1,2, 3,4,5, or 6 with probability 1/6 for each possible
value. Define Y as 1if X is a multlple of 3 and as 0 otherwise. Find g(Y) that
minimizes E[( —g(¥))?|Y] ~

4. Under Hy, a random variable has the CDF Fy(z) = 22,0 < z < 1; and under Hy, it
has the CDF Fi(z) =2%,0<z < 1.

(a) (10%)What is the form of the likelihood ratio test of Hy versus H;?
(b) (10%)What is the rejection region of a level a test?
5. (20%) Xi,..., Xy are i.i.d. random variables (r.v.) with Cauchy(6) distribution (i.e.
probability density function f(z) of X is T_H;—_o)g, where ¢ is a known constant).

Please find the minimal sufficient statistic for 6. (You have to prove the statistic you
give is minimal sufficient)
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Please write down a][{e the detail of your computation and answers.
1. {20%) (1) Give the definition that a numerical method is stable.
(2) Give an example to show the subtraction of two close floating point numbers is unstable.
2. (20%) Choose any two different methods to compute the cubic polynomial p{x) interpolating
the following data
x| —=1] 0 |12
y|—5]—-1|3[13
3. (20%) Write down the algorithms of secant method, method of false position (regula falsi)
and the fixed point method to solve a root v of the nonlinear equation f(a) = 0.
4. (20%) Use polynomial interpolation to prove the midpoint formula for first derivative
” 1., ‘ . .
Fe)es o [fle+ h) = fle— )]
2h
and to obtain its error formula. Is this a stable method?
5. (20%) Write a Caussian elimination program to solve n x n linear system Ax = b that needs
no row exchange. Compute its operation counts for additions/subtractions and multiplica-
tions/divisions.




sy lk® 103 BEEALE AL S84 FRAE

AE 2 B BEAATETA ] A3 1 424007
MAFBREAERZ T AT LRI #1H %17

-+ B8 10 9 o SMM - BEHLAS T AR F T T o
HIRAFIRFIEE » TEEH A G TARLEES o

1.

10.

In how many ways can n identical balls be distributed into  urns so that the sth urn
contains at least m; balls, for each i =1, ..., 7?7 Assume that n > >"_, m,.

Balls are randomly removed from an urn initially containing 20 red and 10 blue balls.
What is the probability that all of the red balls are removed before all of the blue
ones have been removed?

Lé’ﬁ S={1,2, ..., n} and suppose that A and B are, independently, equally likely to
be any of the 2" subsets (including the null set and S itself) of S. Find P(A4 C B).

There are k types of coupons. Independently of the types of previously collected
caupons, each new coupon collected is of type ¢ with probability p;, Zi;l p=11If
n coupouns are collected, find the expected number of distinct types that appear in

this set.
If X is uniformly distributed over (0, 1), find the density function of ¥ = e*.

If X has hazard rate function Ax (), compute the hazard rate function of a.X where
a is a positive constant.

The joint density of X and Y is
flz,y)=c@®—1?)e™ 0<z<o0, ~=z<y<z
Find the conditional distribution of Y, given X = z.

If X and Y are independent random variables both uniformly distributed over (0, 1),
find the joint density function of R =+/X2+Y2 O =tan™'Y/X.

The joint density of X and Y is given by

-y
f(:c,y)=%—- O<z<y, 0<y<o

Compute E[X3|Y = y)].
Let X1, ..., X5, be independently and identically distributed with pdf fx(z). What

is 1n
i <H Xi)

i=1






