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(10%) Evaluate lim gecos(l/z),

cotz
1+cscx

dz.

w/2
(10%) Evaluate /
’ 0
(10%) Let 1 < a < b < co. Prove that arctanb — arctana < (b— a}/2.

(10%) Calculate the area of the region (2 enclosed by the curves

x3+y3+3x2y+'3xy2—3x—y=0 and 2+ +2zy—z+y=0.

(20%) Let f(z) = 2+ 3z + 22+ 22% + 3z* + 2° + 22° 4- 327 +2° +-- .. Find the interval

of convergence for f'(z).

6 -2 0
(20%) Determine all possible values of a such that the matrix | —2 o -3 | is
0 -3 4

positive definite.

0 10
(20%) Let A=| 0 0 1 |.Find matrices D and @ such that A = QDQ™!, where

-1 11
D is the Jordan normal form of A and Q7! is the inverse of Q.

BT~
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10.

If the moment-generating function of X is M (¢) = exp(166¢ + 200¢%), find

(a) (5 %) The variance of X.
(b) (54°) P(148 < X <172).

Let X and Y have a bivariate normal distribution with parameters ux = 2.8, py =
110, 0% = 0.16, 0% = 100, and p = 0.6. Compute

(2) (6 4) P(106 <Y < 124).

(b) (54) P(106 <Y < 124|X = 3.2).

Let Z1, Z5, and Z3 have independent standard normal distributions, N (O 1). Find

the dlstrlbutlon of
Z

G+2))2

Approximate P (39.75 <X< 41.25), where X is the mean of a random sample of
size 32 from a distribution with mean y = 40 and variance o% = 8.

Suppose that we have a random sample X1, Xy, ..., X, from a population that is
N{u,0?). We plan to use to estimate © = >7 (X - X )2 /c. Compute the bias in

O as an estimator of o2 as a function of the constant c.

Let f(z) = (1/8)z0=9/% 0 < § < 00, and 0 < z < 1. Find the maximum likelihood
estimator for 4. Is it an unbiased estimator for 87

Let X be a random variable with mean p and variance o2. _Given two independent
random samples of sizes n;, and ny, with sample means X; and X,, show that

X =aX;+(1-0a)Xs, 0 <a <1 is an unbiased estimator for y. If X, and X, are

independent, find the value of a that minimizes the standard error of X.

. Consider the probability density function

fl)=c(l+0z), -1<z<1

(a) (5 %) Find the value of the constant c.
(b) (5 %) What is the moment estimator for §7

Let X3, ..., X, be iid Poisson()). Find 8 uniformly most powerful (UMP) test of
Hy: A< Xpversus Hy : A > ).

The fraction of defective integrated circuits produced in a photolithography process
is being studied. A random sample of 300 circuits is tested, revealing 13 defectives.
Calculate a 95% two-sided confidence interval on the fraction of defective circuits
produced by this particular tool. '
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z2/2 dz
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0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.5000
0.5398
0.5793
0.6179
0.6554
0.6915
0.7257
0.7580
0.7881
0.8159

0.5040
0.5438
0.5832
0.6217
0.6591
0.6950
0.7291
0.7611
0.7910
0.8186

0.5080
0.5478
0.5871
0.6255
0.6628
0.6985
0.7324
0.7642
0.7939
0.8212

0.5120
0.6517
0.5910
0.6293
0.6664
0.7019
0.7357
0.7673
0.7967
0.8238

0.5160
0.5557
0.5948
0.6331
0.6700
0.7054
0.7389
0.7704
0.7995
0.8264

0.5199
0.5596
0.6987
0.6368
0.6736
0.7088
0.7422
0.7734
0.8023
0.8289

0.5239
0.5636
0.6026
0.6406
0.6772
0.7123
0.7454
0.7764
0.8051
0.8315

0.5279
0.5675
0.6064
0.6443
0.6808
0.7157
0.7486
0.7794
0.8078
0.8340

0.56319
0.5714
0.6103
0.6480
0.6844
0.7190
0.7517
0.7823
0.8106
0.8365

0.5359
0.5753
0.6141
0.6517
0.6879
0.7224
0.7549

0.7852.

0.8133
0.8389

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9

0.8413
0.8643
0.8849
0.9032
0.9192
0.9332
0.9452
0.9554
0.9641
0.9713

0.8438
0.8665
0.8869
0.9049
0.9207
0.9345
0.9463
0.9564
0.9649
0.9719

0.8461
0.8686
0.8888

0.9066

0.9222
0.9357
0.9474
0.9573

-0.9656

0.9726

0.8485
0.8708
0.8907
0.9082
0.9236
0.9370
0.9484
0.9582
0.9664
0.9732

0.8508
0.8729
0.8925
0.9099
0.9251
0.9382
0.9495
0.9591
0.9671
0.9738

0.8531
0.8749
0.8944
0.9115
0.9265
0.9394
0.9505
0.9599
0.9678
0.9744

0.8554
0.8770
0.8962
0.9131
0.9279
0.9406
0.9515
0.9608
0.9686
0.9750

0.8577
0.8790
0.8980
0.9147
0.9292
0.9418
0.9525
0.9616
0.9693
0.9756

0.8599
0.8810
0.8997
0.9162
0.9306
0.9429
0.9535
0.9625
0.9699
0.9761

0.8621
0.8830
0.9015
0.9177
0.9319
0.9441
0.9545
0.9633
0.9706
0.9767

1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9

2.0
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9

0.9772
0.9821
0.9861
0.9893
0.9918
0.9938
0.9953
0.9965
0.9974
0.9981

0.9778
0.9826
0.9864
0.9896
0.9920
0.9940
0.9955
0.9966
0.9975
0.9982

0.9783
0.9830
0.9868
0.9898
0.9922
0.9941
0.9956
0.9967
0.9976
0.9982

0.9788
0.9834
0.9871
0.9901
0.9925
0.9943
0.9957
0.9968
0.9977
0.9983

0.9793
0.9838
0.9875
0.9904
0.9927
0.9945
0.9959
0.9969
0.9977
0.9984

0.9798
0.9842
0.9878
0.9906
0.9929
0.9946
0.9960
0.9970
0.9978
0.9984

0.9803
0.9846
0.9881
0.9909
0.9931
0.9948
0.9961
0.9971
0.9979
0.9985

0.9808
0.9850
0.9884
0.9911
0.9932
0.9949
0.9962
0.9972
0.9979
0.9985

0.9812
0.9854
0.9887
0.9913
0.9934
0.9951
0.9963
0.9973
0.9980
0.9986

0.9817
0.9857
0.9890
0.9916
0.9936
0.9952
0.9964
0.9974
0.9981
0.9986

2.0
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9

3.0
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9

0.9987
0.9990
0.9993
0.9995
0.9997
0.9998
0.9998
0.9999
0.9999
1.0000

0.9987
0.9991
0.9993
0.9995
0.9997
0.9998
0.9998
0.9999
0.9999
1.0000

0.9987
0.9991
0.9994
0.9995
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.9988
0.9991
0.9994
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.9988
0.9992
0.9994
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.9989
0.9992
0.9994
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.9989
0.9992
0.9994
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.9989
0.9992
0.9995
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.9990
0.9993
0.9995
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.9990
0.9993
0.9995
0.9997
0.9998
0.9998
0.9999
0.9999
0.9999
1.0000

3.0
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09
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(1) A random number N of dice is thrown. Let A; be the event that N = i, and
assume that P(A4;) = 27%,4 > 1. The sum of the score is .S.
ta) Find the conditional probability that N = 2 given S = 4. (10pts)
(b) Find the conditional probability that S = 4 given N is even. (10pts)
(2) Let Xl,Xz,‘X3 be ihdependént random variables taking values in the positive

integers and having mass functions given by P(X; = z) = (1 — p;)pe™* for z =
1,2,...,and i = 1,2, 3. Show that

(TN I

P(X; <Xy< X3)=
(1' 2 < %) (1 — pops)(1 — p1p2ps)

| (3) Suppose X and Y are independent r.v.’s, with X ~ Gamma(ay,)), and ¥ ~
Gamma(ag, A). Find E(X | Z), where Z = X + Y.(10pts) _ X

(4) Let X and Y be independent random variables each having the uniform distri-
bution on [0,1]. Let U = min{X,Y} and V = max{X,Y}.

(a) Find E(U). _(10pt§)..

* (b) Find cov(U, V). (10pts)

(5) Let X,Y,Z be independént and exponential random variables with respective
parameters A, u, v. Find P(X <Y < Z).(10 pts)

(6) Let X and Y have the bivariate normal density function

— L ! 2 2
flz,y) = 271_\/1—_"5763317{ 21— p2) (= 2pzy +y°)}. :
(a) Show that X and Z = (Y —pX)/+/1 — p? are independent N (0, 1) variables. |
(10pts) '

(b) Show that P(X >0,Y > 0) = % + z=sin™" p. (10pts)
(7) Let X have the binomial distribution with parameters n and p, and show that

11— (1—pH |

Pz =~y

and find the limit of this expression as n — 0o and p — 0.(10pts)
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Do all the following problems. Show details of your work.

1 0 1
2 1 0
0 -1 1

1Let A= . Find determinant of A and A~ if it exists. (10%)

2. (a) Define T: R* - R® by T(s,t,2,9) = (s +z+y,5 +t—z —y,35 +t — ). Find

bases of the kernel of T' and the image space of T. (15%)

(b) Define T': R? — R? by T'(z,y) = (z — 2y, + ). Find the matrix representation

of T relative to the ordered basis B = {(1,1), (—1,2)} of R% (10%)

3. Let A be an n x n matrix. Prove or disprove: If {vy,...,v,} and {Avy,..., Av,} are
independent sets, then A is invertible. (10%)

4. Let T be a linear transformation on R™ such that rank(7?) =rank(T'). Find

Ker(T)NIm(T'). Justify your answer. (15%)
21 0
5. LetA=]0 1 -1 |.
0 2 4
(a) Find the characteristic polynomial of A. : (5%)
(b) Find the minimal polynomial of A. (5%)
(¢) Find a Jordan form for A. - (5%)
(d) Find a matrix P such that P~1AP is the Jordan form in {c). (10%)

6. Let < u,v >= 21y; + 421Ys + 4T2Y1 — T2y, Where v = (1, 72)7 and v = (y, yz)T.
(a) Find a matrix A such that < u,v >= (4u)Tv. (6%)
(b) Does < -,- > define an inner product on R? 7 Justify your answer. (10%)

End of Paper
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[1]. (18%) Evaluate the following limits.

( ) 1 —Ag 2—4ax
a
oo \ 3 — 4z

(b) lim ZCOS ( ")n)%

[3]. (20%) Evaluate the following integrals
VB9
a) | ———t
(®) /\/§ vt —9 g

2x —2
{b
)/ a,~—{—2:1;+2

[6]. (14%) Evaluate the following iterated integral.
demi? 2
/ / dydlr

[7]. {16%) Sketch the graph of f(z) =

or concave downward.

5 T A B o AR 5 S A

[2]. (12%) Solve the differential equation 3’ + y = €%,

y(0) =

[4]. (10%) Let f(z,y) = ¢~@"+")_ Find the equation of the tangent plane at the point (0, 1).

[5]. {10%) Find the length of the curve r=1+cosf for 0 <9 <.

Determine the open interval on which the graph is increasing, decreasing, concave upward,
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Please write down all the detail of your computation and answers.

1. (20%) Find (1) the Hermite polynomial, (2) natural (fres) cubic spline that interpolates /Z
at zg =1 and z; =4.

2. (20%) (1) Whrite down the algorithm of Newton method to solve a root y of the nonlinear
equation f(z) = 0.

(2) If v is a simple root of f(z) and the initial value is sufficiently close to <y, show that this
iteration converges to v quadratically by the fixed point theorem.

(3) What happens if 7 is a multiple roct? Why? (
3. (20%) Derive the composite trapezoidal rule for numerical integration with error formula.

4. (20%) (1) State the pivoting strategies of Gaussian elimination with maximal column pivoting
(partial pivoting), scaled column pivoting (implicit scaling) and maximal pivoting (complete
pivoting) for n x n matrix A. :

(2) Which one has the highest accuracy to solve linear systems?

(3) Which one uses the least CPU time?
(20%) Let A be an n X n nonsingular matrix and B be an 7 x m matrix. State the fastest nu-

merical method to compute (1) determinant of A, (2) A™'B. How many arithmetic operations
are needed in (1), and what is the minimal memory needed in (2)?

_CJ'\
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Question 1 (10 marks)
Evaluate the limit:

ﬂ+«/—+ +«/_

lim

n—rw

[You need to give convincing reasons when evaluatlng this limit. ]

Question 2 (10 marks)
Prove that the series

Z sin(nmw + )
n=1

In(n+1)
is conditionally convergent.

Question 3 (15 marks)
Prove that the sequence of functions
f(x)=x"(1-cos2mx), n=1

is uniformly convergent over the interval [0,1].

Question4 (15 marks)
Prove that the series

o0
S e
n=1 .

is uniformly convergent for x > & for each fixed 6 >0, but fails to be uniformly convergent for x > 0.

Question 5 (12 marks)
Use the Implicit Function Theorem to prove that the equation

X +y+cos(x+%7rey) =0

uniquely defines y as a function of x near the point (0,0) . Moreover, find the derivative % atx=0.

Question 6 (14 marks)

Prove that the directional derivative of the function
2

f5y)=—2= if () #(0,0) and f(0,0)=0
x4y |

exists at (0,0) in every direction, but f is not continuous at (0,0) .
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Question 7 (12 marks)
Evaluate the surface integral

H(xy+yz+zx)dS

where . is the portion of the cone z = +/x* + »* cut by the cylinder x> + y* =2x.

Question 8 (12 marks)
Evaluate the triple integral

I ” xyzdxdydz
Q

where Qis the region enclosed by the unit sphere x* + y* + 2> =1and the coordinate planes

x=0,y=0,z=0.
-END END-






