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1. Solve the IVP. Show the steps of derivation, beginning with the general solution. (10 points)
y =-4x/y,y(2) = :

2. Find areal general solution. Show the details of your work. (10 points)
XyH + 4yl = O

3. Is the given function below linearly dependent or independent on the half-axis x> 0 ? Give reason.
(15 points)
e *cosx, e *sinx,e
4. Using the Laplace transform to solve RLC-circuit problems. Find the current E(t) in the circuit, assuming

zero initial current and charge. (25 points)
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R=20,L=1H,C=05F E(t)=1kVifO<t<2and 0ift> 2.
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5. Find (a) the Fourier cosine series (8 points), (b) the Fourier sine series. (7 points)
f(x) =sinx(0<x<m)

6. By the principles used in modeling the string it can be shown that small free vertical vibrations of a

uniform elastic beam are modeled by the fourth-order PDE
871t L o7
bt ¢ dxc =

(a)find solutions u, = F4(x)Gn(t) corresponding to zero initial velocity and satisfying the boundary

conditions: u (0,t) =0, u (L,t) = 0, Uy (0,t) =0, uy (L,t) = 0 (12 points) .

(#)find the solution that satisfies the conditions in (a) as well as the initial condition: u(x,0) = f(x) =

x(L~x). (13 points)
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I.  Questions: (60%)

1. Please show that the phase velocity and the group velocity of an electromagnetic wave propagating
in free space are equal. (5%)

2. An electron and a proton are accelerated from rest through a total potential energy difference of 1.6
x 1071 J. What is the increase in mass and final speed of each particle? (7%) 4

3. What is the threshold wavelength for a cathode material of 3.75 V stopping potential, if the incident
light has a momentum of 3.32 x 10 27 kom/s? (7%) '

4. What are the phase velocity and wavelength of a proton moving at a particle speed of ( a ) 10 m/s

“and (b) 2 x 10° m/s? (7%)

5. An X-ray photon of 0.05 nm wavelength strikes a free, stationary electron. The photon scatters at
90°. Determine the momentum of the incident photon and the scattered photon. The Compton
wavelength Ac is 0.00243 nm. (5%)

6. An electron traveling at 8x10° m/s enters the region of the Thomson e/m, apparatus where E and B

-fields coexist and are adjusted to be counter balancing. The E field is created by a parallel plate
connected to a 91.1V battery and having a 6.4 cm plate separation. If the E field is deactivated, what
is the radius of the electron’s circular arc through the counter balancing magnetic field? (7%)

7.  Using the generalized equations for the Bohr radii and Bohr velocities, please find the principal

quantum number and translational speed of an electron encircling a single fixed proton with a I m
‘radius. The Bohr radius is 0.53 A. (5%)

8. A typical atomic nucleus is about 10" m in radius. What is the lower limit of the momentum of an
electron must have if it is to be part of a nucleus? (5%)

9. Please tell the differences between fluorescence and phosphorescence of excited molecules. (5%)

10. Using the de Broglie’s and Schrédinger’s postulates together with the free particle wave

function W(x,t) = 4e’®", please construct the Schrédinger’s one dimensional time-dependent wave
equation. (7%)
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II. Problems: (40%)

1.  Assuming a cubic meter of hydrogen at 0°C and at atmospheric pressure satisfies Maxwell-
Boltzmann statistics ( /i (€) = deh , Where 4 is a constant, and T is ambient temperature). This
system contains about 2.7x10% atoms and the number of the atoms of energy € within the system
can be expressed by

n(g)=g(e) * fup(e),
where g(g) is number of states at energy & and fi(e) is the probability of occupancy of the state at
benergy &. Please find the number of these atoms in their first excited states (n=2) at 0°C and at

10,000°C. The ground state energy of hydrogen atom is -13.6 eV. (20%)

2. Consider the time dependent Schrédinger equation for free particles moving in one dimension:

wow o
2m Ox? ot

The general solution of above equation can be given as: ¥ (x,#) = A(p)e'®=""
where & = p’/2m is the nonrelativistic kinetic energy and p is the momentum. Assuming the
normalized distribution function of the momentum is Gaussian and can be expressed as:

_ o -3’ (p-p,)’
R e

where o and p, are the parameters of the Gaussian distribution. Please find the normalized

wavefunction ¥and Ax of the particles at t = 0. Note that IneXp[—%+ ibyldy = Jza exp[—(%)zl (20%)

Plank constant h = 6.626x10™* J's
Boltzmann constant k = 1.38x102 J/K
Velocity of light ¢ = 300,000 Km/s
Electronic charge e = 1.6x10™ C
Electron mass me = 9.1 x 107! kg
Proton mass M = 1.67 x 10" kg
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