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1. (30 pt) For the circuit in Fig. 1, it is required to determine the value of the voltage Vps that results in
the transistor operating
(a) in the active mode with Ve =5V (10 pt)
(b) at the edge of saturation (10 pt)
(c) deep in saturation with Brorced = 10 (10 pt)
For simplicity, assume that Vge remains constant at 0.7 V. The transistor B is specified to be 50.

Vee= 10V
VBB A
Re=10kQ
-
Ry = 10kQ

Vge = 0.7V

Figure 1.

2. (20 pt) For the circuit in Fig. 2, assume that Bmin = 30, and find (a) Ve (5 pt), (b) V& (5 pt), (c) lcz (5 pt),
and (d) Iz (5 pt).

+5V

10 k&
+10V 0 WVWVV—1

1 kO

Figure 2.
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3. (20 pt) For the circuit in Fig. 3, a full-wave bridge-rectifier circuit with a 1-kQ load operates from a 120-
V (rms) 60-Hz household supply through a 12-to-1 step-down transformer having a single secondary
winding. It uses four diodes, each of which can be modeled to have a 0.7-V drop for any current. (a)
What is the peak value of the rectified voltage across the load? (5 pt) (b) For what fraction of a cycle
does each diode conduct? (5 pt) (c) What is the average voltage across the load? (5 pt) (d) What is the
average current through the load? (5 pt)

121
(}
+
¢
120 \frm.\‘ “ ]‘O V;Iﬂ.\
Ug
O-
Figure 3.

4. (30 pt) In the circuit of Fig. 4, the NMOS transistor has |[V¢| =0.9 V, and V; =50V, and operates with
V, = Vs = 2 V. (a) What is the voltage gain v, /v; ? (10 pt) (b) What does V, become when [increase
to 1 mA? (10 pt) And (c) what is the new gain? (10 pt)

"“VDD
A
() 1= 5004
Rs ©
===t
oo | 10 MQ
o l gRL
+ 10 kQ
v;
Figure 4.
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1. (5%) Suppose a communication channel has bandwidth W. Let the symbol (sampling) interval be
ts = % Which of the following pulse waveforms does not satisfy the ISI-free (Nyquist)

criterion?
(A) p; () = 2Wsinc®(2Wt) + Wsinc(Wt)
(B) po(t) = 4Wsinc(4Wt) — Wsinc?(Wt)
(C) ps(t) = 2Wsinc(Wt) cos(2ntWt)
(D) p,(t) = 2Wsinc* (2Wt) — Wsinc? (Wt)
(E) None of the above '

2. (5%) An M-ary communication system transmits at a rate of 2000 symbols per second. What is the
equivalent bit rate in bits per second for M = 16?
(A) 4000
(B) 6000
(C) 8000
(D) 10000
(E) None of the above

3. (5%) Consider a 3-ary communication system in which each transmitted message is chosen from one
of three symbols, m_4, my, and m,. These symbols are transmitted using the waveforms —p(t), 0,
and p(t), respectively, where the pulse p(t) has duration Ty,. At the receiver, a matched filter
matched to p(t) is employed. Let  denote the output of the matched filter sampled at time T),.
Assume that the messages are quiprobable, i.e., P(m_,) = P(my) = P(m,). The energy of the pulse
p(t) is E}, and the channel noise is additive white Gaussian noise (AWGN) with two-sided power

spectral density N/2. Determine the symbol error probability P, using the optimum decision
thresholds. (The Q-function is defined as Q (x) = % fxm e 212 dz.)

@k =fo( [22)
® £ =10([2)
©r=0( %)
®r=q(f2)

(E) None of the above

4. (5%) Let g(t) be a signal with Fourier transform G (f). Define G, (t) as the inverse Fourier transform
of the frequency-domain function g(af — f;). Which of the following expressions correctly gives

G, (1)?
(A)Ifa>0,G,(t) = -j;c;(_t Ja)el?mht/a
B)Ifa <0, G (t) = %G(t/a)eﬂnfct/a
©Ifa=0,6® = g(/)s)
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(D) Ifa =0, G,(t) = g(1/£,)8(t)
(E) None of the above

5.(5%) Consider a narrowband FM signal that can be approximated by
s(t) = A, cos(2nf.t) — BA, sin(2nfy,t) sin(2nf.t),
where A, is the carrier amplitude, f. is the carrier frequency, f,, is the modulating frequency, and
f < 1 is the modulation index. Which of the following statements is correct?

(A) The minimum value of the signal envelope is A,/1 — B2
(B) The maximum value of the signal envelope is A.+/1 + 2

2 2
(C) The total average power of the FM is —(Hi A

2) 42
(D) The total average power of the FM is (a+£7)at

4
(E) None of the above

6.(5%) Consider a signal

_(9—t% |t/ <3
x(t) = { 0, otherwise
with its Fourier transform X (f). Which of the following statements is wrong?
(A) The imaginary part of X (f) is zero.

(B) The value of [ X(f)df is 9.
(C) The value of X(0) is 36.
(D) The value of [*|X(f)]?df is 324.

(E) The value of [ f - X(f)df is 0.

7.(5%) The signals x;(t) undergo sampling with sampling period Ty = 0.02 second. Which of the
following signals can be recovered perfectly from the sampled signal.

sin(40mt)
xl (t) = ot L]

sin(40mt) sin(20mt)
x, (1) = P

GO =50,
x4(t) = x,(t) - cos(20mt),

x5() = -, (8),

(A) %1 (8), %3 (2).

(B) x,(£), x5(¢)

(C) x2(8), x4 (D).

(D) x4 (£), x3(2), x5 (2).
(E) x3(£), x4 (1), x5 (0).

8. (5%) Let X(t) = A - cos(2nf,t + ©) be a real-valued random process, where 4 is a constant, 0 is a
random variable uniformly distributed between 0 and 27r. Which of the following is wrong.

(A) X(t) is wide-sense stationary (WSS).

(B) Mean value of X(t) is zero

2
(C) Autocorrelation function of X(t) is Ry(7) = %—cos(Zn f.1)

(D) Power spectral density function of X(t) is Sx(f) = f‘; [6(f=f.)+6(f+ f)]
(E) Average power of X(t) is A2
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9. (5%) Consider an amplitude-modulated signal expressed by
s(t) = A (1 + k,m(t)) cos(2rf,t).

Which of the following is wrong.

(A) The amplitude sensitivity k, can be any positive real number

(B) The message m(t) can be recovered from an envelop detector

(C) We may apply DSB-SC (double sideband- suppress subcarrier ) to reduce transmission power

(D) We may apply SSB (single sideband) scheme to reduce required transmission bandwidth

(E) The transmission bandwidth of VSB(vestigial-sideband) is between those of the SSB and DSB-SC.

10. (5%) Consider an Frequency-modulated signal expressed by
t

5(t) = A cos lanCt + 21k f m(‘c)d‘r},
0

where the message m(t) has the maximum amplitude of A, and the highest frequency F,,. Which of the
following is wrong.

(A) The instantaneous frequency of s(t) is fz + kym(t)

(B) The transmission power of is A%/2

(C) If we connect an FM modulator with an integrator, we can generate a phase-modulated signal

(D) The maximum frequency deviation is kgA,

(E) The transmission bandwidth of s(t) is approximately 2k;A., + 2,

=~ B % B A
1. (10%) Consider the following baseband signal g(t):

g(t):{t/z, 0<t<T

0, otherwise
(A)(5%) Determine the impulse response of a filter h(t) matched to the signal.
(B) (5%) Plot the matched filter output go(t) = g(t) * h(t) in the absence of noise.

2. (15%) Consider the frequency demodulation scheme shown as Fig.1, where the incoming FM signal is
given by
s(t) = A, cos[2rf.t + B sin(2rf,,t)].

The delay line produces a delayed signal s(t — T'), and leads to a phase-shift of /2 radians at the carrier
frequency f, i.e., 2rcf,T = m/2. Assume that § < 1 and T is sufficiently small, s.t.

cos(2nf,T) = 1

sin(2nf,,T) = 2nf,,T.
Find the output signal of the demodulator.

i W Envelope Output

wave Delay-line >, Jetectar > signal
s(1) \T/+

Fig.1 Frequency demodulor
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3. (10%) Consider antipodal signaling with amplitude imbalance. That is, a logic-1 symbol is transmitted
as a rectangular pulse of amplitude A,, and duration T, and a logic-0 symbol is transmitted as a
rectangular pulse of amplitude —A,, where A; = A, > 0. The receiver employs a fixed decision
threshold at zero. Define the ratio p = 4,/A,, and note that the average signal energy, for equally
likely 1s and Os, is

E= AT +42 T

The channel noise is additive white Gaussian noise (AWGN) with two-sided power spectral
density N, /2. Show that the resulting probability of bit error can be expressed as

1 2 2E\ 1 2p% 2E

— |+ e,
2 1+p2N, | 2 1+ p? N,

4.(15%) Consider a real-valued message signal m(t) whose spectrum is nonzero over the frequency
range 200 Hz to 3 kHz, as illustrated in Fig. 2. This message is SSB modulated to produce the
transmitted signal

s(t) = A;m(t) cos(2nf.t) + A (L) sin(2mft),

Where 7i(t) denotes the Hilbert transform of m(t). At the receiver, s(t) is demodulated using a
carrier of the form cos(2m(f, + Af)t). Assume that the lowpass filter is ideal with unity gain and
extends over [—4k, 4k] Hz, and f, = 20 kHz.

(A) (5%) Derive the expression for the demodulated signal at the output of the lowpass filter.
(B) (5%) Plot the specturm of the demodulated signal when Af = 20 Hz.
(C) (5%) Plot the specturm of the demodulated signal when Af = —10 Hz.

Fig.2 Message Spectrum
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Let a;,a,,as, a,, d € R™. Define the matrices
B = [al, dp, a3] € Rnxa, C= [al, az, 33,34] = RHXQ.

Assume that the linear system Bx = d has no solution for x € R3, and the linear system Cy = d has
at least one solution for y € R*. Let [B,d] = [ay, a,,a5,d] € R™* Which of the following
statements are true? (Select all that apply.)

(A) The set {a,, d} is linearly dependent.

(B) The set {a,a,, a3, d} is linearly dependent.
(C) The set {a;,a,,a3,a,} is linearly independent.
(D) rank(C) > rank(B).

(E) rank(C) = rank([B,d]).

Let A € R™*" For any matrix M, let R(M) denote the column space and N (M) denote the null
space. Which of the following statements are true? (Select all that apply.)

(A) Ify € R(AAT) and y # 0, then ATy # 0.
(B) Ify € R(A), then ATy = 0. |
(C) If m = n, then R(A) = R(AT).

(D) Ifm = n, then N(A) = N(AT).

(E) Ifx € R"™ and Ax * 0, then x € R(AT).

Let A € R™" B € R™** and C € R**™ such that A = BC. For any matrix M, let R(M) denote the
column space and N (M) denote the null space. Which of the following statements are true? (Select
all that apply.)

(A) R(B) is a subset of R(A).

(B) N(A) is a subset of N(C).

(C) k = rank(A).

(D) If k > rank(A), then rank(B) = rank(C).
(E) Ifk = rank(A), then rank(A) = rank(B).

Let

O W o w
N O NO
O W oW
N O DNO
O W o w

3 0 3 0 3
Which of the following statements are true? (Select all that apply.)

(A) A is diagonalizable (over R).

(B) rank(A) = 2.

(C) 2isan eigenvalue of A.

(D) 3 isan eigenvalue of A.

(E) The number of positive eigenvalues of A is 2.
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5. Let
1 1 2
el w=[o} =< [
1 -1 i

and define the subspace W = span{vy,v,} € R®. Let p be the orthogonal projection of x onto /.

For any vector u, let ||u|| denote the Euclidean norm: [Ju]| = vu”u. Which of the following
statements are true? (Select all that apply.)

(&) llpll =2.
(B) llx—pll =3.
(C) wi(x—p) =0 foreveryw € W.

(D) x—peW.
(E) p is orthogonal to v;.
1 1 0 2
1], bZ:’_l], b; = 10|, x= 0].
0 0 1 3
Define a linear transformation L: R® — IR satisfying
L(b;) = 2b;, L(b;) = by, L(b3) = —bs.

Let L5(x) = L(L(L(L(L(x))))). Suppose that, in standard coordinates (with respect to the standard
basis of R%), L3(x) = [y1,¥2,¥3]7 € R3. Let A be the matrix representation of L with respect to the
ordered basis {by, b,,b3}. Which of the following statements are true? (Select all that apply.)

6. Let

b]_:

(A) y1 = 33.
B) y, =31.
€) y3 =-3.
(D) det(A) = —2.

(E) rank(A) = 2.

7. Consider the surface z = x2? + y? at the point P(2,—2,8). Which of the following is/are correct?
Assume t below is a scalar. The i, j, k are unit vectors along the x-, y- and z-axis, respectively.
(A) The gradient vector is 2xi + 2yj — k.
(B) The tangent plane equals 4x — 4y — z = 8.
(C) The normal vector to the surface at P is 4i — 4j — 8k.
(D) The greatest rate of increase in the direction of the normal vector is \V32.
(E) The parametric equations of the normal lineare x = 2 + 4t, y = -2 —4t, z = 8 —t.

8. Consider a space curve defined by the intersection of the surface z = cot™*(x/y) and the cylinder
x? 4+ y2 = 1. Assume cot™* denotes the principal value with the rage (0, ) and restrict to the branch
where y > 0. The i, j, k are unit vectors along the x-, y- and z-axis, respectively. Which of the
following is/are correct?

(A) The arc length between (1,0,0) and (1,0, 7/2) is V2.
(B) The curvature is 2.

(C) The radius of curvature is 2.

(D) The unit tangent vector at (0,1,7/2) is (—i + K)/v2
(E) The unit normal vector at (0,1 ,7/2) is .
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10.

L1

12.

13.

14.

Find a solution u(x, y) of the differential equation (DE) xuy, + 2yu = 0. Assume x > 0. The ¢ and
k below are constants, and A, B, E and F are integers. Which of the following is/are INCORRECT?
(A) u = cxke®¥D/FI) where A+ B =0

(B) u = cx4ke®YH/FI) where E+ F = 3

(C) This DE is parabolic.

(D) This DE is elliptic.

(E) This DE is homogeneous.

Consider the differential equation (DE) ¥’ = y* — 3y + 2. Which of the following is/are correct?

(A) There is an attractor.

(B) y(x) = 2 is a singular solution.

(C) y(x) = (ce* = 2)/(ce* + 1) is a one-parameter family of solutions, where c is an arbitrary
constant.

(D) Provided y(0) = —1, the largest interval is [0, c0).

(E) Given y(0) = 4, there exists an interval centered at 0 on which the DE has a unique solution.

T 11-15 A4 FiRM - 85 20 5 - FAEH 45 BHELRMEEER 053 -
For the following problems, let j = +/—1 denote the imaginary unit.

If z =3 — 4j, what is | z|?
A) 1

(B) 5

< 7

(D) V7

The function f(z) = Z is:
(A) Analytic everywhere
(B) Analyticonly atz = 0
(C) Not analytic anywhere
(D) Entire

Let f(z) = z2, find f'(1 + ).
(B L+]

(B) 2+2§

(C) Z 27

D) 4

Let z = x + jy. Which of the following functions satisfies the Cauchy—Riemann equations?

(A) f(z) =x%+y?

B) f(2) =x% -y +j(2xy)
(C) f(2) =x%+jy?

D) f(z) = |z|*
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15.

16.

17.

18.

19.

Evaluate

1
jg — dz.
1z|=2 2

(A) 0
®) 1
©) 2n
(D) 2mj

T @ 162104 BB 0 3305 « SHMEHSH » Ko R R LSR5 -

If f(t) = cos(3t) + 3tsin(3t), then its Laplace Transform is given by?

s+3 27 s(s?2+27)
@) s—3 B 7oy (s%+9)? (C)W

(D)Does not exist

Consider three continuous-time periodic signals whose Fourier series representations are as follows:
100 100 100

k
Xy (L) = Z (%) ejkg_gt,xz(t) = z cos(km) ejk:‘zo’—gt,xg(t) = Z jsin (%TE) ejk%%t
k=0 k=—100 k=—100
Which of the three signal is/are even?
(A) x1(t)
(B) x,(t)
(©) x3(8)

(D) x,(t) and x5(t)
Let x(t) be a periodic signal with Fourier series coefficients defined by

2y k=0

=11
“ G,k # 0

Which of the following statements is true?
(A) x(t) isreal.

(B) x(t) is even.

(©) &0 is even.

(D) None of the above.

The Fourier Transform of e~ —2|tl9
A 4 B 2 C 2 D i
()4+m2 ()4+w2 ()24—(02 ()2+w2
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21.

20. For each of the following Fourier transforms, use Fourier transform properties to determine which

of the corresponding time-domain signal is purely imaginary and odd. Do this without evaluating
the inverse of any of the given transforms.

(A) X(jo) =u(w) —u(w—2)

(B) X(jw)= cos(2w) sin (%)

(C) X(jw) = A(w)e’@), where A(w) = (sin2w)/w and B(w) = 2w + ;—r

1

Ikl .
©) X(w) =35 o (2)" 8w -5

2.
Determine the inverse Laplace transform x(¢t) = L7{X(s)} for t = 0:

% s—1
(s) T s243s+2°

(A) x(t) = 3e~Z—2e~H)u(t)

(B) x(t) = (2et=3e2)u(t)

(C) x(t) = (Be t—2e 2)u(t)

D) x(t) = (3e~2t+2e~Hu(t)

AAFESHE > FHEFTODATAA
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L,

(25%) In a charge-free region, the electric field intensity is E = (x + 3y - k1z)ax + (kox + 5z)ay + (2x -kay
+ kaz)a;. Please determine the values of the constants k1, &2, k3, and k.

(25%) A planar rectangular loop with length a and width b carries a direct current /. Find the magnetic
flux density at the center of the rectangle.

(10%) Please describe in detail the boundary conditions of electromagnetic fields at the interface
between two dielectric media.

(15%) In seawater, a uniform plane wave propagates in the +z direction. At z = 0, the electric field
intensity is given by E = ax100cos(10zr) (V/m). The relative permittivity & of seawater is 72, the
relative permeability y is 1, and the conductivity o is 4 S/m. Please derive in detail the polarization of
this uniform plane wave, its phase velocity, and the instantaneous expression of the magnetic field
intensity at z= 0.8 m. |

(10%) As shown in Fig. 1,

Consider a coaxial cable that operates in the TEM mode. The inner conductor has radius a, and the
outer conductor has radius b; the thickness of both conductors can be neglected. The region between
the inner and outer conductors is filled with a dielectric material with permittivity & and permeability
1. Please calculate the surface current density on the two conductors and the characteristic impedance
of this coaxial cable, respectively.

(15%) Consider a circuit that includes a signal generator with an internal resistance of 50 Q, producing
a sinusoidal voltage of 10 V at 300 MHz. The signal generator is connected to a transmission line off
length 2 m and characteristic impedance 50 Q. The end of the transmission line is terminated with a
load impedance of (30 - 405) Q. Please derive in detail the reflection coefficient at the load end of the
transmission line and the expression for the voltage along the transmission line. In addition, to
maximize the average power delivered to the load, what should the load impedance be set to?
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Multiple-Choice Questions: ANSWER ALL QUESTIONS. Each question carries 4 marks. You
should mark only ONE answer to each question. If you mark more than one answer, you will
receive NO MARKS for that question. No marks will be deducted for wrong answers.

1. (4%) The maximum difference between any two probabilities is
(A) 0.
(B) 0.5.
(e 1.
(D) infinite.
(E) None of the above.

2. @%) B (P) =
(A) 1.
(B) 2" .
(C) 22
D) (zn”).
(E) (”2)

n

3. (4%) What is the total number of possible solutions for x; +x; +x3 =100, where|
Xy, X, ¥3E 3,45, ..} 2
(A) 4186
(B) 4278
(C) 456288
(D) 912576
(E) 970200

4. (4%) If Z follows the standard normal distribution, then P(Z? = 0) =
(A) 0.
(B) 0.25.
©) 05.
D) 1.
(E) None of the above.
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5. (4%) Given that 2% of light bulbs are defective. If 100 light bulbs are randomly chosen, what
is the probability (in 3 decimal places) that no more than 3 light bulbs are defective?

(A) 0.677
(B) 0.726
(C) 0.857
(D) 0.859
(E) None of the above.

6. (4%) Let H(x) and §(x) , respectively, be the Heaviside step function and the Dirac delta
function evaluated at x . A mixed random variable X takes the value 0 with probability of 0.35
and distributes uniformly on (1,3] with probability of 0.65. Find fy(x) , the probability
density function of X .

(A) f(x) = 0.358(x) + 0.65 [H(x — 1) + H(x — 3)]
(B) fr(x) =0.358(x) +0.65 [H(x — 1) — H(x — 3)]
(C) fy(x) =035H(x)+0.65[6(x — 1) + 6(x — 3)]
D) f(x) = 0.35 H(x) + 0.65 [6(x — 1) — 5(x — 3)]
(E) None of the above.

7. (4%) Let X and Y be two random variables such that they are linearly dependent. Define
pxy as the correlation coefficient of X and Y . Which of the following is correct?

(A) X and Y are uncorrelated.

(B) pxy =0
Q) pxy=-1
(D) pxy =1
(E) pxr =11

8. (4%) Given that X~B(m,#) , find My(t) , the moment-generating function of X .
@Ay 8" —1™
B) [6(ct —1)+1]™
(C) [Bet+ 1™
(D) pmo(ef-1)
(E) None of the above.
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18.

£l

Directions: Questions 9 — 15 refer to two candidates, U and V , to work independently on

a certain task. The times taken (in minutes) by U and V for completing the task,

Ty and Ty, , follow the exponential distributions with non-zero means
1

. ; e TH = it
= and e respectively. Let R = > and Ty, = min(Ty, Ty) .

(4%) Find Fr (t) , the cumulative distribution function of Ty, .
(A) Fr,(t) =1—e Mt vt >0

(B) Fr,(t) =1—-e™t vt=0

(C) Fr,(t) = Aye M, vt >0

(D) Fr,(t) = Ayetvt, ve >0

(E) None of the above.

(4%) What is the median of Ty ?
(A) Ay

(B) 3~

(C)

o

(E) None of the above.

(4%) Find Fgr(r) , the cumulative distribution function of R , wherer = 0.
il
(a) 2
T
(B) )Lu-!-ﬁ.v
Ay
?"Au'f/‘iy
_TAu
ridg+Ay
T/lu
Ay+riy

REHHAEMT > FEETORETFE
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13.

14.

15.

Ay
(A) 2

Ay
®) T
Ay
(?"AU +ﬁv) 2
(;'l.U -H"Av) 2
Aydy
E) Taprany

12. (4%) Find fR(r), the probability density function of R , where r > 0.

(4%) What is the probability that U needs less than % (where m > 0) of the amount of time

required by V to accomplish the task?

(E) None of the above.

(4%) What is the distribution of Ty, ?
(A) Tp ~Exp(Audy)

(B) Ty, ~ Geo(Aydy)

(C) Ty ~Exp(Ay + Ay)

(D) Ty, ~ Geo(Ay + Ay)

(E) None of the above.

(4%) Which of the following is true about Ty, ?

(A) P(Tp,>a+B|Tp>a)=P(T,>p) Va, 20
(B) P(Tp>a+f|Ty>a)# P(T,>p), 3a,f =0
(C) P(Tp>a+p|Ty>a)=P(T,>a), Va,[ =0
(D) P(T,>a+B|Ty>a)# P(Ty >a), 3, =0
(E) None of the above.
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Directions: Questions 16 — 25 refer to the probability density function of a positive random

variable X, defined as:
k, x

pl T

p 2
et J, wherex > 0, k; € Z* ,and I'(t) = fo g-Lg—2ds foFt 0.

fu(xk)=—F———
2%(5

2
N

Let ¥ :Zgaﬁ,X, , where X, (i =1, 2, ..., N) are mutually independent random
/=l

variablesand @, (i=1, 2, ..., N) are real constants.

16. (4%) Find My, (t) , the moment-generating function of X; , where t < % !

—k

(A) (1-202
B) (1-207
(C) (1-20)k
(D) (1 - 2t)k

(E) None of the above.

17.(4%) What is @y, (t) , the characteristic function of X; ?
—k:

(A) 1-2i)=2

(B) (1-— 251:)%

(C) (1 —2it) .

(D) (1-2it)™

(E) None of the above.

18. (4%) What is the mean of X; ?
A <

(D) ki
(E) None of the above.
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19. (4%) What is the variance of X; ?
(A)
(B)
Q) 2k;

(D) ki
(E) None of the above.

=

N

i

20. (4%) Find f m(g" ) , the probability density function of ﬁ , where{ > 0.
_72

gkie—_g—

2¥r()

-2
zk[—le 2

()
¢

{ki_iez
(€ S~
221(3)

_72
fki_lehg_

()

(E) None of the above.

(A)

21. (4%) Find M, (t) , the moment-generating function of V.
(A) XL 0(1-2072
~k;
(B) I —2¢:)=2
Q) X (1 —20)7k

(D) ITL.(1 —2¢;0)7"
(E) None of the above.
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22. (4%) Suppose that k = ¥, k; and ¢; =1, wherej=1,2,..,N.Find fy(y) , forally > 0.

23.

24.

243.

(A) L——

B) T

(E) —%——

(4%) A random sample is drawn from an infinite statistical population, on which Y is
defined. Let ¥ be the sample mean. Assume that the sample size s is large (say, s > 30).
What is the mean of Y ?

(A) Xl 26ik!

(B) Xit12¢:k;

(©) ZiLioik?

(D) Xilq dik;

(E) None of the above.

(4%) Following from Question 23, what is the variance of ¥ ?
SiLy dPkE
(a) 2=t

Z{V:l ‘;Dizki
(B) ==+

5
N 42,2
2 Nitq PPk

() 2=

N

N 52,
E) 2 zp;qbt Ky
(4%) Following from Question 24, what is the variance of ¥ when s becomes infinitely large?
(A) +oo
(B) 1
(© 0
(D) -oo
(E) None of the above.

REFMAME Y EFEATAA
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1.

—~BEHE (54854%)

(5%) Which of the following statement is False?

(A)
(B)
(©)
(D)
(E)

If A in an n X m matrix, then rank(A) < n.

If a square matrix has two equal columns, then it is not invettible.
There exists a 2 X 2 matrix A such that rank(A) = 0.

There exists a 2 X 2 matrix A such that A3 = [, but A # .
There exists a 2 X 2 matrix A such that A? = I, but A* # [,..

(5%) Which of the following statement is True?

(A)
(B)

(©)
D)
(E)

Let A and B be n X n matrices. If A is similar to B, then A = B.

Let T be a linear transformation from a vector space V to a vector space W, If ker(T') is finite
dimensional, then W is finite dimensional.

Let T be a linear transformation from a vector space V to a vector space W. If ker(T') is finite
dimensional and im(7) is finite dimensional, then V is finite dimensional.

Let T be a linear transformation from a vector space V to a vector space . If ker(T') is finite
dimensional and im(T) is finite dimensional, then W is finite dimensional.

Let T be a linear transformation from a vector space V to a vector space W. If W is finite
dimensional, then dim(W) = rank{I"} + ker(T).

(5%) Which of the following statement is False?

(A)
B)
(©)
(D)

(E)

Let B and U be two bases of a vector space V. If S is the change of basis matrix from B to U,
then S~* is the change of basis matrix from U to B.

The matrix of a linear transformation from V to V is uniquely determined.

Let A be an n X n matrix. If AT = A%, then the columns of A form an orthonormal basis of R™.
If A is an orthogonal n X 7 matrix, then the least-squares solution to Ax = b is unique and X =
ATb.

Let A be an n X n matrix. If the least-squares solution to Ax = b is unique, then ker(A) = {0}.

(5%) Which of the following statement is True?

(A)
(B)
(©
(D)

(E)

If A is a symmetric n X n matrix, then A% = [,,.

Let f and g be nonorthogonal vectors in the vector space V. Then || f + g 12=1l £ I* +1Ii g I
Let x and y be vectors in R™. Then |x - y] = [|x[l||y|| if and only if x and y are parallel.

Let T be a linear transformation from. a vector space V to R™. Then (f, g) = T(f) - T(g) is an
inner product on V.

Let (f, g) be an inner product on a vector space V. If (f, g) = 0, then either f = 0 or g = 0.

(5%) Which of the following statement is False?

(A)

(B)
©
)
(E)

Let Bbe an (n — 1) x (n — 1) matrix and A be the n X n matrix [é g] (where the 0 entries

represent zero matrices of the appropriate size). Then det(A) = det(B).

Let A be an n X n matrix. If rank( A) % n, then 0 is an eigenvalue of A.

Let A be the matrix of a rotation by angle . Then A has no real eigenvalues.

If a matrix has no eigenvalues, then it has no eigenvectors.

Let Abe ann X n matrix. Let e; = [1,0, ..., 0]7 be an eigenvector of A with eigenvalue 1. Then

the first column of A is ey.
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6.

10.

(5%) Which of the following statement is False?

(A) Let Abe a4 X 4 matrix and let A be an eigenvalue of A with algebraic multiplicity 3. Then the
geometric multiplicity of A cannot be 4.

(B) Ifann X n matrix has n distinct eigenvalues, then it has an eigenbasis.

(C) Let Abeann X n matrix. If tr(A) = det(A), then A is invertible.

(D) Let A be a lower triangular matrix with all entries on the diagonal distinct. Then there is an
eigenbasis for A.

(E) If Ais similar to B, then tr(A) = tr(B) and det(A) = det(B).

(5%) Let A and B be n X n matrices, and define X = A 4+ B, Y = A — B. Assume that both X and Y are
nonsingular. Which of the following expressions gives the inverse of the block matrix

5 4

X 1iy-l xl_y-t
® 3 e X‘i-i-Y‘iJ
iyt —y-t X lipy-
© 2[)(“1+Y‘1 X~ —Y-I]

_B—l A—l

(E) The matrix [g B] is singular whenever X and Y are nonsingular.

A

(5%) Let A be an m X n matrix. Suppose the linear system Ax = b has solutions X1, X2, 0oy X fOT

some fixed vector b # 0. Which of the following statements is necessartly true?

(A) There exist scalars cy, ..., ¢ with £, ¢; # 1 such that Y cix; s still a solution of Ax = b,

(B) Forany scalars cy, ..., ¢y, the vector), <, c;x,is a solution of Ax = b if and only it $¥_ ¢; = 0.
Moreover, if Yi—, d;x; = 0, then 55, d; = 1.

(C) Forany scalars ¢y, ..., ¢, the vectorY ., c,x,is a solution of Ax = b if and only if ¥, ¢; = 1.
Moreover, if Z§:1 d;x; = 0, then Zﬁ‘zl d; =0,

(D) IfZﬁ‘zl dyx; = 0, then necessarily dy = d, = - d, = 0.

(E) The set {x4, ... x; } is always linearly independent whenever b = 0 .

(5%0) Let A and B be n X n matrices.Suppose one of the following conditions holds:

AB = A+ B,orAB = A — B.

Which of the following statements is correct?
(A) IfAB=A+ B, then AB = BA, but this conclusion does not necessarily hold if AB = A — B.
(B) IfAB=A-B,then AB = BA, but this conclusion does not necessarily hold if AB = A + B.
(C)  Inboth cases, AB = BA holds only when A and B are invertible.
(D)  In either case, the matrices A and B must commute; that is, AB = BA,
(E)  Neither condition implies that A and B commute.

(5%) Let A be an n X n matrix satisfying A* = 21. Define B = A% - 2A + 21. Which of the following
statements is correct?

(A) The matrix B is singular, but A is nonsingular.

(B) The matrix B is singular if and only if A —11s singular.

(C) The matrix B is singular unless A =1,

(D) The matrix B is singular for all matrices A satisfying A® = 21.

(E) The matrix B is nonsingular.

WEFHMAHE  FUEFOATHA
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11. (5%) Consider the matrices
1 5 1 1 4 —4
A= [2 6 0}, B = [4 6 —8}
1 7 2 0 5 —4
Which statement correctly describes which of the following subspaces are the same for A and B?

» column space C(-)

« row space C(()T)

» nullspace N(-)

« left nullspace N(()T)

(A) C(A) = C(B) and N{AT) = N(BT), but c(AT) # C(BT) and N(A) # N(B).

(B) C(AT) = C(BT) and N(A) = N(B), but C(A) # C(B) and N(AT) == N(BT).

(C) All four subspaces are the same.

(D) Only the row spaces are the same C(AT) = C(BT), but the other three arc different.
(E) None of the four subspaces are the same.

12. (5%) Suppose A is an m X n real matrix. Which of the following statements is necessarily true?
(A) IfATAx = 0,thenx = 0. Consequently, A must have full column rank.
(B) IfATAx = 0, then Ax = 0. Consequently, N(A) = N(A"A), and A and A"A have the same
row space; hence rank(A) = rank(ATA).
(C) N{A) € N(ATA) in general, and equality holds only when A is square and invertible.
(D) A and ATA always have the same column space; hence rank(A) = rank(ATA).
(B) rank(ATA) = 2rank(A) for every real matrix A.

13.(5%) Let Ay, A,, ..., Ay be n X n matrices such that A;A; +«+ A, = 0. Which of the following
statements is necessarily true?
(A) At least one of the matrices Aq, Ay, ..., Ay must be the zero matrix.
(B) rank(A;A;-Apn) = rank(A,) + rank(Az) + - + rank(An).
(C) rank(A) < n/mforalli = 1,.
(D) rank(A;) + rank(A;) + - + rank(Am) < (m — Dn.
(E) rank(Ay) + rank(Az) + - + rank(Ay) < mn.

14. (5%) Let A be an n x n matrix. Suppose A is idempotent, i.e., A*= A, Which of the following
statements is necessarily true?
(A) rank(A) = rank(A — D).
(B) rank(A) + rank(A — I) =
(C) rank(A) + rank(A + 1) =
(D) A isinvertible, hence rank(A) = 1.
(E) Aisnilpotent, hence rank(A) =
15.(5%) Letu € R”satisfy u™u = 3. Suppose there exists k € R such that (I, + wuDH*® = I, +
k uu”. Determine the value of k.
Ay k= (2%~ 1)/3

B) k= (3°-1)/3
© k=49 —1

M) k=" ~-1)/3
(B) k= (4 — 1) /9
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16. (5%) Suppose Xy, x,, X3 are three vectors in R® and n > 3 such that X' < Ofori,j = 1,2,3 with
I # j. Which of the following statements is necessarily true?
{(A) The vectors x4, X5, X3 are linearly dependent,
(B) The vectors x4, X,, X3 are linearly independent.
(C)  Exactly two of the vectors are linearly independent.
(D) The vectors span R®.
(E)  Atleast one of the vectors must be the zero vector.

17. (5%) Suppose U4, uy, uz form an orthonormal basis for R3 and v1, vz form an orthonormal basis for
R? Let A = uyvy™ + uyv,T. Which of the following statements is correct?
(A) A AT has rark 3 and A"A is singular,
(B) A AT is the identity matrix on R®.
(C) ATA s aprojection matrix but A AT is not.
(D) AA"is invertible with eigenvalues 1,1, 1, and ATA = I5.
(E) A A"is an orthogonal projection matrix with eigenvalues 1, 1, 0, and ATA = L.

18. (5%) Let A and B be 2 X 2 matrices such that AR — BA — [? 2] Which of the following

statements must be true?

(A) a+d=0.

B b+c=0.

C) a=b=c=d=0
D) a = d.

(E) det(AB — BA) = 0.

19.(5%) Let A € R™*" have linearly independent columns. Let P be the orthogonal projection onto the
column space of A, and let Q be the orthogonal projection onto the left nullspace of A. Which of the
following statements is correct?

(A) tr(P) = tr(Q).

(B) tr(P) = mandtr(Q) = n.

(C) tr(P) = nandtr(Q) = m — n.
D) @ = 1.

B Q) = 0.

20.(5%) Let Aand Bbem X mandn X n matrices, respectively, and let Cbe an n X m matrix.
Consider the block matrix
0 A
M= [B c]
which is of size (m + n) x (m + n). Which of the following formulas is correct for det(M)?
(A) det(M) = det(C)(det A).
(B) det(M) = (detA)(detB).

(C) det(M) = (—1)™ (det A)(det B)
(D) det(M) = (~1)™" det(AB).
(E) det(M) = (—=1)™*" (det A)(det B).
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