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1. (5%) Which of the following statement is False?
(A) If B is obtained from a matrix A by several elementary row operations, then rank(B) = rank(A).
(B) Row operations on a matrix A can change the linear dependence relations among the rows of A.
(C) A change-of-coordinates matrix is always invertible.
(DY If A is . x n and rankA = m, then the linear transform x — AX is one-to-one.
(E) If A is m x n and linear transformation x — AX is onto, then rankA = m.
2. (5%) Which of the following statement is False?
(A) If an augmented matrix [A b} is transformed into [C d] by elementary row operations, then the
equations Ax = b and Cx = d have exactly the same solution sets.
(B) If a system Ax = b has more than one solution, then so does the system Ax = 0.
(C) If matrices A and B are row equivalent, they have the same reduced echelon form.
(D) If A is an m % n matrix and the equation Ax = b is consist for every b in R™, then A has m
pivot column.
(E) If A is an m X n matrix and the equation Ax = b is consistent for some b, then the columns of
A span R™,
3. (5%) Which of the following statement is False?
(A) If A and B are row equivalent m x n matrices and if the columns of A span R™, then so do the
columns of B.
(B) In some cases, it is possible for four vectors to span R®,
(C) If u and v are in R™, then —u is in Span{u, v}.
(D) If A isa 6 x 5 matrix, the linear transformation X + Ax cannot map R® onto R®,
(E) A linear transform is a function.
4. (5%) Which of the following statement is False?
(A)If A and B are m x n, then both ABY and A™B are defined.
(B) Left-multiplying a matrix B by a diagonal matrix A, with nonzero entries on the diagonal, scales
the rows of B.
(O IfBC =BD, then C =D,
(D) If AB = BA and if A is invertible, then A™'B = BA™,
(E) An elementary 1 X n matrix has either n or n + 1 nonzero entries.
5. (5%) Which of the following statement is False?
(A) If B is formed by adding to one row of A a linear combination of other rows, then
det{A) = det(B),
(B) det(ATA) > 0.
(Q) If A® = 0, then det(A) = 0.
(D) det(—A) = — det(A),
(E) If A is invertible, then det(A) det(A™1) =L
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6. (5%) The dimension of the subspace
a—3b 4 6¢
~ Ba -+ 4d |
H = b— 9% d ca b, deR
a-—2b+4c—d
is
(A) 1.
(B) 2.
(€) 3.
(D) 4.
(E) 5.
7. (5%) Let
A= { 83 1023 J As k — oo, we obtain  A*
—05 —1.75 1
(A)[ 10 150 |
—0.75 —0.5 ]
(B){ 1.0 150 |
[ 0.5 150 |
© 10 -0 |
—1.5 —0.75
(D)[ 1.0 250 }
[ -0.5 —0.75
B 10 150 J
8. (5%) Let J be the n x n matrix of all 1’s, and consider A = (@ — b1 + bJ; that is
Ta bbb
b a b ... b
A—lbba ... b

Then the eigenvalues of A are
(A) a+b,and a+ (n —1}b,
(B) a — nb, and a + nb.

(C) a—b,and a+ (n — 1)b.
(D) @ — 2b, and & + nb,

(B) a+b,and a — (n — 1)b,

(5%) Let A and B be 4 x 4 matrices, with det A = —1 and det B = 4. Then,
det BT'AB +det ATA + det 2A =

(A) -12.

(B) -14.

(C) -16.

D) -18.

(E) -20.

RBFELME  FHETBATH A




HiP hARE 13 EFEATHERLAMEFE LA KR

#E L4 A [EamEtsETa) Sk ¢ 437006
MAFMBREERZ (Tl EATEA (BIS - HRARH) GR4A4H) £31B%3E

10. (5%) The determinant of
3a -7 8 9 -6

0 2 -5 7 7

A=|0 0 1 5 0
0o 0 2 4 -1
o ¢ 0 2 0

is

(A) 0.

(B) 12a.

(C) 13a.

(D) 14a.

(E) 15a.

= ME A (BREREHEE)

1. (15%) Consider the following matrix

-1 0
A=l1 -1
1 1
() (5%) Please find the eigenvalues and eigenvectors of the matrix AAT, where AT is the transport

of A.
(b) (10%) Please calculate the singular value decomposition (SVD) of A.

2. (15%) Let U and V be two m X m positive definite matrices.
(a} (10%) Find a m X 1 complex vector b, such that
0 bUb”
bVb¥
1s maximized
(b) (5%) What is the maximum value of O in (a)?

3. (10%) Show that if the set {u, v, w} is linearly independent, then so is the set {1, u + v,u + v + w}.

4, (10%) If the columns of a m X n matrix A are linearly independent, show that the projection of a

m X 1 vector A on to the column space of A is
p=A(ATA)"1A™D
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1.

(3%) A box contains x white balls and 30 black balls. If a ball is randomly drawn from the box, the
probability of drawing a white ball is i Find the value of x.

(A) 3
B) 5
©) 6
®) 10
) 30

(5%) There are s boys and ¢ gitls in a class. If a team of 2 boys and 3 girls are selected from the class
to participate in a competition, how many different teams can be formed?
(A) 6st

®) =
(C) 6st(s —1)(t —1)(t —2)

st{s—1{E-1)(t—2)
(D) -

st{s—1){t=1){t—2)
(E) =

(5%) Suppose that 4 and B are two independent events, Which of the following is correct?
(A) A and B must be mutually exclusive,

(B) P(AY+PB)=1

(C) P(AUB)=P(A)P(B)

(D) P(ANB) = P(A)P(B)

(E) None of the above.

(5%) Suppose that the probability distribution of a continuous random variable X is memoryless. Let
p,q = 0. Which of the following is correct?

(A) PX<p+qlX<p)=PX<q)

B) PX>p+qlX>p)=PX>q)

{€) PX<p+qlX<p)=PX <p)

(D) PX>p+qlX >p)=PX>p)
(E) None of the above.

(5%) The number of customer arrivals in a working hour of a bank follows the Poisson distribution
with mean 8.8. What is the probability that there are not more than 3 arrivals in a working hour?

(A) 0.0171
(B) 0.0230
(C) 0.0244
(D) 0.0416
(E) None of the above.
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6. (5%) Let T be the packet transmission time at a router. If 7 follows the exponential distribution with
nen-zero mean %, what is the median of 77
@ %
®)
©
(D)

(E)

h RN oS S ':-.;]
[

7. (5%) Define EX) =2, E(Y) =3, and E(XY) = 2 . Find gy .
33
(A -

®) ——

(©) 0

9

D) =

33

®) 5

8. (5%) Let.X and Y be two random variables such that gy, = 0. Which of the following is correct?
(A) Xand Y are uncorrelated.
(B) X and Y are independent.
C) X=0o0rY =0
D) EX)=00rE(Y) =0
(E)Y oy =00ragy =20

9. (5%) Let 4 and B be two exponentially distributed random variables with parameters 1, and Az,
respectively. That is, A ~Exp (1,) and B ~Exp (1) . Which of the following is true about
min (4, B), the minimum of 4 and B.

(A) min(4,B) ~ Exp (min (i4,45))
(B) min(4,B) ~Exp (44 + Ap)

(Cy min(4, B) ~Exp (1445)

(D) min(4,B) ~Exp (44 — A5])
(E) None of the above.
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10. (5%) Denote x and y as two real numbers. Let U7 and ¥ be two independent random variables such

that their probability density functions are f;;(x) and fi;(x), respectively. Which of the following is
correct?
(A) fov(oy) = fulx) * fr(¥)
B) fur(xy) =fulx + )+ frx +)
_ Fulx)
(C) fUV(xry) - frin
D) fuvx,y) = fu(fy )
(E) None of the above.
=~ M A
1. (10%) Consider a four-point sample space Q={w,w,,w,,w,} with probabilities assigned to the
sample events as given by
1 1 1 1
P({m})=7, P(lm}) = P({n})=5, P((n})=5
Define random variables (RVs) X and Y as
X(w)=1, X(w,)=1, X(w,)=2, X(w,)=3,
Y(w)=3,Y(w,}=3, Y(w)=1, Y (w,)=1.
Determine the distribution function of X. Is it the same for ¥?7
2. (10%) Assume that two RVs X and ¥ are related by
Y=cosX.
Let the PDF of X be given by
L, —r<x<m
p _J) 2z
Jx (x) {O, elsewhere.
Determine the covariance of X and Y.
3. (10%) Consider the two RVs X and Y with the joint PDF:
LA
\ — e 207
fX,Y (‘x y) 2”0_2
Let Z be a complex-~valued RV, and define Z = X +j¥. Determine the joint PDF of Z and its complex
conjugate Z'.
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4. (20%) Let g(x) be the Gaussian probability density function (PDF) given by
2
g(x)= \/57—;‘3 )

and let A(x) be an antisymmetric function shown in Fig. 1. Define a function expressed as
FOx,) =g (%) g(x,)+a(x)h{x,).

Please provide your reasons for answering the following questions.

(a). (5%) Is f(x,x,) awell-defined joint PDF of the RVs X1 and X> ?

(b). (5%) Whether X7 and X are jointly Gaussian?

(c). (5%) Is the marginal PDF of X| Gaussian?

(d). (5%) Are X and X3 independent?

HUFHRSHD YR T OATHA
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1.

(25%) The radius of the inner conducting sphere and the inner radius of the outer spherlcal conductor
are R and R, respectively. The voltage between these two concentric spherical conductors is V. The
space between the conductors is filled with a dielectric medium with the permittivity . Determine the
stored electrostatic energy.

(25%) The magnetic flux density vector is B = (Skx+4)a, —(3ky+10y)ay +(8kz)a, in free space.
Please determine the value of the constant £.

(10%) Write the frequency-domain Maxwell's equations with time-varying source. Deline phase
velocity and group velocity.

(15%) The magnetic field intensity of a linearly polarized uniform plane wave propagating in the +y-
direction in seawater [&- = 80, gt = 1, 0= 4 (S/m)] is

A =a,0.1sin [1010 t —ﬂ (A/m)

aty = 0.
a) Determine the attenuation constant, the phase constant, the intrinsic impedance, the phase
velocity, the wavelength, and the skin depth. (5%)

b) Find the location at which the amplitude of A is 0.01 (A/m). (5%)
¢) Write the expressions for £ (v, ) and H (v, {) at y = 0.5 (m) as function of £. (5%)

(10%) For the case of oblique incidence of a uniform plane wave with perpendicular polarization on a
perfectly conducting plane boundary as shown in Fig. 1, write (a) the instantaneous expressions

El(x, z;1) and ﬁl(x, z;t)
For the total field in medium 1, using a cosine reference, (5%) and (b) the time-average Poynting
vector. (5%)

(5%) A standard air-filled S-band rectangular waveguide has dimensions ¢ = 7.21 (cm) and 5 = 3.40
(cm). What mode types can be used to transmit electromagnetic waves having the 5-cm wavelengths?.

(10%) Find the input impedance of the lossless transmission line shown in Fig. 2.

Reflected . Z,
wave ' "'Z . , ! = O
z=t V(z),1(z) o
O RV L ?’5' I“‘eﬂ' g
v Zo ° H Z L
Incident o V"g"?’~ ID— e—‘f " l
wave ?G&H, O ;
_— z=10 z+z'=] ]?zl
(a1 = 0) I(z") I=1'(z'=0)
=0 — 2z
Fig. 1 Fig. 2
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1.

(15%) A third-order low-pass filter has transmission zeros at = 2 rad/s and at o = co. Its natural
modes are at s = —1 and s = —0.5 + j0.8. The dc gain is unity. Find the transfer function T(s).

(15%*1)

(30%) For the common-base circuit in Fig. 1, assuming the bias current to be about 1 mA, § = 100,

Cy = 0.5 pF, 7, =25 Q, and fr = 1000 MHz:

(a) Estimate the midband gain V, /1.

(b) Use the short-circuit time-constants method to estimate the lower 3-dB frequency, f;. (Hint: In
determining the resistance seen by Cj, the effect of the 47-k) resistor must be taken into account.)

(c) Find the high-frequency poles, and estimate the upper 3-dB frequency, fy. (10%*3)
+3V

Fig. 1

(20%) For the emitter-follower circuit shown in Fig. 2 the BJT used is specified with a 3 value of 100,
find :

(a) Ig, Vg, and Vp. (10%)

(b) the input resistance R;. (5%)

(c) the voltage gain v, /vy. (5%)

+op
b A
100 kQ g
10 kQ o0
| |/
—w—— | L
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4. (35%) Consider the common-emitier amplifier of Fig. 3 under the following conditions: R; = 5 k(),
Ry =33 kO, R, =22k, R = 3.9k, R, = 4.7 k), R, = 5.6 kQ, Vo =5 V. The dc emitter current
can be shown to be Iz =~ 0.33 mA, at which B, = 120, 7, = 300 kQ, and 7, = 50 Q.
(a) Find the input resistance, Ry,. (Hint: Riy= Ry [/Rz | (rtrz)) (10%)
(b) Find the midband gain, A,;. (10%) ‘
(¢) For Cpq = Cgy =5 uF and Cp = 20 pF, estimate the low-frequency 3-dB frequency. Also find the
frequency of the zero introduced by Cg. (15%)

l (b)

Fig. 3. (a) Common-emitter amplifier stage; (b) Bquivalent circuit for the amplifier of Fig. 3(a) in
the low-frequency band.
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1. (20%) We are given the complex baseband signal x,(t) = sinc(t — 1) + j2sinc(t).

(A)(5%) Calculate the real and imaginary parts of the Fourier transform X, (f). To express the
transforms, please use the function rect(t), which is defined as a rectangle of unit height and
spanning the interval [-1/2,1/2].

(B) (5%) Plot the real and imaginary parts of X, (f).

(C) (10%) Plot the real and imaginary parts of the Fourier transform of the bandpass signal obtained

by upconverting x,(t) to the carrier frequency of 10 Hz.

2. (20%) Let x(t) = m(t) + cos(w,t). Let W be the bandwidth of m(t). Assume that the average value
of m(t) is zero and that the maximum value of |m(t)| is M. Also assume that the square-law device is
defined by y(t) = 4x(t) + 2x%(t).

(A)(5%) Write the equation for y(t).
(B) (10%) Describe the filter with input signal y(t) that produces an AM signal for g(t), where g(t)
represents the output of the filter.

C) (5%) Specify the requirement of M to ensure no distortion when using envelope demodulation.
q

3. (10%) A transmitter uses a carrier frequency of 1000 Hz, with the unmodulated carrier represented as
A cos(2mf.t). Determine both the phase and frequency deviation for each of the following
transmitter outputs:

(A)(5%) x.(t) = cos[2m(1000)¢t + 40 sin(5t2)]
(B)(5%) x.(t) = cos[2m(600)¢]

4. (10%) Consider the following three signals:
250 450 450

1 5/4

t

-7/4

(A)(6%) Use Gram-Schmidt procedure to find the set of basis functions from the three signals and

determine the dimensionality of the set.
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(B) (2%) Find the signal-space representation of the three signals based on the basis functions

obtained in (a). (Represent the signals in terms of vectors)

(C) (2%) Determine the minimum distance between any pair of waveforms.

5. (20%) Let x(t) denote a real valued WSS random process with an autocorrelation function R,(7) and
y(t) = x(t) cos(2rf.t +6),0~U(0,2m).
(A)(5%) Find R, (7).
(B) (5%) y(t) is passed through a low-pass filter with a frequency-domain response H(f)

={ éi |‘]]: || ; jj;c and J(t) denotes the filter output. Find E[y(t)?].

C)(10%) If we let 6 = Zand T(t) = s(t) cos(2nf.t) + y(t), please show how to demodulate s(t)
4

based on r(t) in detail.

6. (10%) Let x(t) = g(t) + w(t), 0 <t < T, be the received noisy signal, where g(t) denotes the

transmitted pulse that represents a binary symbol 0 or 1 and w(t) denotes an additive white noise
process with zero mean and power spectral density (PSD) % . Since the filter is linear, the result

output can be express as y(t) = g,(t) + n(t), where g,(t) denotes the response to g(¢) and n(t)

denotes the response to w(t). We know that the peak pulse signal to noise ratio of the match filter is

lgo (T2 2=
9 = E[:;ZT)} Please show that n < ED—LDO GO df .

Linear time- .. "
Signal ~ Al i o vi{s) y(7T)
\ invariant filter of - . "
g0 = (E_} =1 impulse response s |
; ) Sampie at
hin o .
timet =7

White noise
wit)

7. (10%) Consider two discrete random variables X and ¥ with the joint distribution:

P(x,y) X=-1 X=0 X=1
Y =2 0.1 0.15 0.15
Y =4 0.05 0.2 0.15
Y =6 0.05 0.05 0.1
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(A)(2%) Find the entropy H (X, Y).

(B) (2%) Find the entropy H(X).

(C) (4%) Find the entropy H (X|Y).

(D) (2%) Find the mutual information /(X;Y).
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Use the Fourier series analysis equation to calculate the coefficients a; (when k # 0) for the
continuous-time periodic signal

<
A {_ig‘ 2 o E : ; with fundamental frequency w, = .
(A) Ei—ﬂe’jk”/z Sin(%-r«) (B) %e‘f’m sin(km)
5 3 .k
(C) —e IR sin(lerr) D) —e Jierf2 Sm(jn)

Let x,(t) be a continuous-time periodic signal with fundamental frequency w; and Fourier
coefficients a;. Given that x,(t) = x,(1 — t) + x;(t — 1). Find a relationship between the Fourier
series coefficients b, of x,(¢t) and the coefficients ay.

(A) by = e *1(ay, + a_y) (B) by = e™/*“1(ay, — a_y)

(C) by, = jkw;(ay + a_y) (D) by = jkw,(ax — a—y)

What is the Fourier transform of e ~21t=119

(A) 2e77/9/(4 + w?) (B)4e/?/(4+ w?) (C)4e™ /(2 + jw) (D) 2719 /(2 + jo)

Use the Fourier transform synthesis equation to determine the inverse Fourier transforms of X(jw) =
2m6(w) + 6 (w — 4m) + w6 (w + 41).
(A) 1+ mcos(4nt) (B) 1 + sin(4nt) (C) 1 + cos(4mt) (D) 1 + msin(4nt)

Use the Fourier transform synthesis equation to determine the inverse Fourier transforms of
2, D2w=2
X(jw)=4-2,-2<w<0
0, |w|l>2
(A) (4jcos?t)/mt  (B) (4sin?t)/mt  (C) (4jsin’t)/mt (D) (4cos?t)/mt

What is the Laplace transform of e " 5fu(t — 1)?
(A)eCH) /(s +5)  (B)e /(s +5) (C)e CH)/(s—5) (D)e®*)/(s—5)
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7. Determine the inverse Laplace transform of
28 +.2
X(s) ( ) Re{s} > —3.

TS+ 7s+12
(A) de™Mu(=t) — 2e 3tu(—t)  (B) 4e*u(t) — 2e3tu(t)
(C) 4e*tu(—t) — 2e3tu(—t) (D) 4e~*u(t) — 2e3tu(t)

8. One corner of a rectangular parallelepiped is at (1,1, 1), and three incident sides extend from this
point to (=2,1,6), (3,5,7) and (0, 1, 6). Please identify the volume of this solid.
(A) 20 (B) 40 (C)18 (D) 42

T 920 A A - FAES D 0 85 609 BRALMEA » £t ESH—MAEHEE -
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9. Consider the wave equation a®u,, = u,, for a string tied to the x-axis at x = 0 and at x = 7. When
the string starts to vibrate, the motion takes place in the xu-plane. Let u(x,t) denote the vertical
displacement from the x-axis for t > 0 and a? be a real constant. The initial displacement is f (x),
0 < x < m and the string is released from rest. Given the product solution u(x,t) = X(x)T(t), which
of the following is/are correct?

(A) The wave equation of this string is elliptic.

(B) All the boundary conditions belong to Dirichlet conditions,
(C) The initial condition yields T'(0) = 0.

(D) This is referred to as a boundary-value problem.

(E) One of the boundary conditions yields X (0) = 7.

10. Assume the product solution to the wave equation in Question 9 is found as u(x,t) = A-cos(B-at)-
sin(Cx). If the initial displacement £ (x) is a sinusoidal wave with the amplitude of 1/100 and the
frequency of 3/2m, which of the following is/are correct?

(A) There exists a trivial solution.

(B) B = arbitratry integer.

(C)C = 3.

(D) There is no motion at x = 21/3 and all other x points vibrate vertically over time.
(E) The vertical displacement is reversed (—f(x)) when t = kr Jo k=123

1. Consider the differential equation P'(t) = aP(t) — bP(t)?with the initial condition of P(0) = p,,
where a and b are positive real constants. Which of the following is INCORRECT?
(A) This is a linear differential equation.
(B) This is a Bernoulli’s equation.
(C) None of the critical points are attractors.
(D)When t — oo, P(t) = a/b.
(E) The solution interval is (—oo, o0),
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12. Given X' = ( 1 3) X, which of the following is correct?

(A) There are two distinct eigenvalues.

(B) The stationary point is a repeller.

(C) All solutions will converge onto the origin.

(D) One of the eigenvalues is 4, = —1.

(E) One of the solution vectors is K; = (De_“.

13. Define the matrix A as pq’, where p and q are nonzero vectors in R™*, Which of the following

statements are true?

(A) rank(A) may be 2.

(B) q is an eigenvector of A.

(C) q7p is an eigenvalue of A.

(D) The linear equation Ax = 0 has infinitely many solutions.

(E) The linear equation Ax = b with b = q has infinitely many solutions.

14. Define the matrix M as I — 2uu”, where u is a unit vector in R™*?, meaning u”u = 1. Which of the
following statements are true?

(A)M = M7,

(B)M™M = 1.

(COOM =M1,

(D)det(M) = 1.

(E) M has eigenvalues that are complex with non-zero real components.

15. Let N(A) denote the null space of A, and R(A) denote the range space of A. Suppose u € R(A), v €
N(AT), and both u and v are non-zero. Define ||x|| = /(x, x). Suppose

X, =u+2v, X, =2u—v, [|x]12 =29, ||x,]|*? =41
Which of the following statements are true?
(A) [lull = V5.
(B) [Jull = 3.
© vl =7.
D) lIvll = V5.
@) lhall + lIvll = 8.

16. Let {u;, uy, uz} be an orthogonal basis for an inner product space. Suppose ||uy|| = 2, |Ju,|| = 3,
llus|l = 5.If x = cyu; + c,u, + c3uy is a vector with the properties (x, uy) = 12, ||x]|? = 145, and
the orthogonal projection of x onto u3 is —2u5, then which of the following statements are true?
(A)Cl =12, (B) £g = 2, (C) g = -2, (D) (X, UZ) =18, (E) (X, U3) =50
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17. Let L:V — W bealinear transformation, and £ = {v,v,,v3} and F = {wy, w,, w3} be ordered bases
for V and W, respectively. Suppose A is the matrix representing L relative to E and F, and

1 2 7
3 4 8|
5 6 9

If L(vy + 2v;) = c; Wy + c;W, + c3W3, then which of the following statements are true?

(A)Cl —_ 7, (B) Cy; = 11, (C) Cy = 17, (D) Cq + Cy + C3 = 34, (E) Cq + Cy + C3 = 40

A=

18. Let
1 =2 0
1o 1 1
A‘—1 3 2|
2 0 3

Which of the following vectors are in the column space of AAT?
Ay [0.2.8,71F

B) [3,0,2,4]F

(C©) [3,1,0,4]"

(D) [5,4,-1,2]7

(E) [-1,2,4,5]"

19. Define i = v—1. Suppose fc f(2)dz = a + bi, where f(z) = (z + 2)/z and C is the semicircle
z=2e%(0 <60 < ). Which of the following statements are true?

(A)a=—4, B)a=2, (C)b=—2m, (D)b=0, (E) b =2m

20. Define i = v—1. Suppose [, f(2)dz = a + bi, where f(z) = 1/(z* + 4) and C is the positively
oriented circle [z — i| = 2. Which of the following statements are true?

(A)a=m/8, B)a=rmn/4, (C)a=mn/2, D)b=n/8, (E)b=r/4
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