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1. (5%) Among 33 students in a class, 17 of them earned A’s on the midterm exam, 14 earned A’s on the
final exam, and 11 did not earn A’s on either examination. What is the probability that a randomly
selected student form this class earned an A on both exams?

(A) 2/3

B)1/3

(C)3/11

(D) 20/33

(E) None of these

2. (5%) A fair die is tossed eight times. What is the probability that the eighth outcome is not a
repetition?

8
@ (3)
5\ [4) (3) (2 (1
® ()G E)E)
5 8
© ()
7
© ()
(E) None of these
3. (5%) Let A and B be independent and A € B. Which of the following is correct?
(A) P(A) must be zero
(B) P(A) must be one
(C) P(B) must be zero

(D) P(B) must be one
(E) None of these

4. (5%) Which of the following is not a probability mass function?
(A)p(x) = - x,x = 12,345,

®)p(x) = (1 +2)%x=-2,01.2
©pe) =8(2) ,x=123,..

1 . e
(D) p(x) = r— x,x = 1,2,...,n. Note that n is a positive integer.
(E) None of these

5. (5%) Suppose that X, the interarrival time between two customers entering a certain post office,
satisfies

1 1
P(X=1) = Ee"’“ —|—Ee‘”t,t > 0,
where A > 0, u > 0. Find the expected value of X.
(B) ;A +p)
1/1 1
®3(G+3)
OCA+u

D) 1/2
(E) None of these
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6. (5%) Let X be a standard normal random variable. Which of the following is correct?
(A) E[Xcos X] =1
B)E[sinX]=mn
(C) Ee*] = Ve

X
O £ [5] = 172
(E) None of these

7. (5%) Let X be uniformly distributed over (0,1). Let Y = —In(1 — X) and Z = X™. Which of the
following is incorrect?
(APY<y)=1—-e7ify = 0.
B)PY=<y)=0ify <0.
(COP(Z<z)=4"zifn>0and0<z< 1.
DYP(Z<z)=1-zY"ifn<0andz=>1
(E) None of these

8. (5%) Let X and Y be independent exponential random variables both with mean 1. Find
E[max(X,Y)]?
(A)1
(B)3/2
(2
(D)1/2
(E) None of these

9. (5%) Suppose that the moment-generating function of X is given by

My (t) = er+: t+§, —co<t<oo,
Which of the following is correct?
(A) B[X199%] =9 /3

(BYE[X%] =173

(C) E[X1008] =0

(D) E[X1008] =1

(E) None of these

10. (5%) Let X and Y have joint density function f(x,y) = 2e™*7¥, 0 < x < y < co0. Which of the
following is correct?
(A) X and Y are uncorrelated.
(B) X and Y are dependent.
(C)E[XY] =1/2
(D)E[X] =3/2
(E) None of these
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1. (10%) Let 4 and B be two independent events. Show that A and B are also independent, where B is
the complement of B. Hint: 4 and B are independent if p(4,B)= p(4)p(B).

2. (10%) Let X be a Gaussian random variable with zero mean and unit variance. If ¥ = exp(X), find the
probability density function (pdf) of Y.

3. (20%) Two independent random variables X and } are Gaussian distributed with zero mean and unit

variance.
(2). (10%) Find the pdf of Z if Z = X77.
(b). (10%) Let Z, =X +Y and Z, =X -Y . Are Z, and Z, independent? Provide your justification.

4. (10%) Let X and ¥ be two Gaussian distributed random variables with zero mean and unit variance,
and Z = X+Y.

(2). (5%) Find the pdf of Zif X = —Y.

(b). (5%) Find the pdf of Zif X = Y.
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1. (5%) Solve the following equations
x+y+2z=9
2x+4y—-3z=1
3x+6y—-5z=0
Which of the following answer is true?
Ax=3, @®By=2 (Ox=0 D)z=1 (E)z=2

2. (5%) Find the determinant of the following matrix

2 0 0 1
_10 2 3 0
A= [o 3 2 1]
i1 01 2
3. (5%) Consider the following matrix
-1 -2 -2
A=]1 2 1 J
-1 -1 0
Which of the following answer is an eigenvalue of the matrix?
(A)1, (B) 2, ©3, (D) 4, (E)S
4. (5%) Consider the following matrix
-1 -2 =2
A=1]1 2 1 ]
-1 -1 0

Which of the following answer is an eigenvetor of the matrix?
1 -1 2 1

=11, (B) [ 2 } ©) ~1}, M) 1 } (E)
2 1| 1 ~2

(A)

Z
1
—~1

5. (5%) Let B = A™1 be the inverse of the following matrix
-1 -2 =2
A=1|1 2 & }
=1, =1 B0
Denote b;; as the (7, j)-th element of B. Which of the following statement is true?

(A)b11 =1, (B)biz=-1 (Cbyy=-2, (D)by =2, (E)bs; =0
6. (5%) Consider the following vectors

a - |
¥ = I_ll' Vi = ) V3 = =1 ’
i | -1 loi

Find the value of @, such that v;, v, and v;are linearly dependent.
(Aya =0, Ba=1, Ca=2 D)a =3, (BE)a=4
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7.(5%) Consider a vector x = [x; X, X3 Xa Xs5]7 with ||x|| = 1. What is the upper bound of
lle‘l'xZ — X3 +x.4 _xSI?

(A)1, (B) 2, (C) 6, (D) 2v2, (E)V2

8. (5%) Consider three vectors v, v, and vzwith the following properties:
(v, Vo) = 2, (v, v3) = =3, (vy,v3) =5,
vill =1, livell =2, lvsll =7,
Find the value of (v; + v, v, + v3).
(A)8, (B) 6, (C) 4, (D) 2, (E)O

9. (5%) Consider the two matrices

_3 1 _1l 3
L= [1 3]' V=3 [3 5]'
For any 2 X 1 vector x with |[x|| = 1, what is the maximum value of the ratio
x"Ux
xHVx
(A)=d; (B} =d, (©)0, (D) 1, (E) 2

10. (5%) Consider the two matrices

13 1 _1p5 3
U‘h J'V_E 35}
Find the 2 X 1 vector x with ||x]| = 1, such the the following ratio is maximal
x"Ux
xHVx >
0 1 1/3/2 { 1/4/2 ] [1/ 5
Al b B) [, G 5 D ! E
@l ®) )[1f¢§ O\l @

= A (BAED 0 B —ERie 2 4 A AR D S EHA RS WAAE S
it o)

11. (§%) Consider a complex 3 X 3 matrix

1 2 -1

A=(2 3 1 J

-1 1 4
Which of the following statements are true?

(A)A is symmetric

(B) A is positive definite

(C) Trace of Ais 8

(D) Determinant of A is 12

(E) The columns of A are linear independent
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12. (5%) Suppose that a real-valued 5 X 5 matrix A can be decomposed as
A = 3uyul! + 2uyuf + uzul
where u4, u, and uj are real-valued 5 X 1 orthonormal vectors. Which of the following statements
are true?
(A) A is nonsingular
(B) Determinant of A is 6
(C) Traceof Ais6
(D) Non-zero eigenvalues of are 1, 2 and 3.
(E) For any real-valued 5 X 1 vector x with |[x|| = 1, xTAx < 3

13. (5%) Consider a real-valued positive definite matrix A. Which of the following statements are true?
(A) Every principal submatrix of A is positive definite.
(B) Every diagonal element of A is positive
(C) Exist a real-valued and nonzero vector X, such that X" Ax = 0
(D) Every eigenvalue of A is positive
(E) A can be singular

14. (5%) Consider a complex N X N unitary matrix A. Which of the following statements are true?
(A) Determinant of A is always 1
(B) The row vectors of A form an orthonormal set in a complex vector space
(Cy A= Af
(D) Forany N X 1 complex vector X, ||Ax|| = ||x]|
(E) The eigenvalues of A can be +1 or 0.

15. (5%) Which of the following matrices are diagonalizable?

0 0 -2 4 0 1 1 0 0 -1 0 1 2 0 -2
(A1 2 1,(8)[2 3 2,11 2 0, M|-1 3 0,(E)[0 3 0]
i B 3 1 0 4 3 =5 2 -4 13 -1 0 0 3
16. (5%) Consider three vectors
1 0 0
1 1 0
v; =|0], v, =] 1|, vy =|1}.
0 0 1
1 —i 1

Find the orthonormal bases of the space spanned by three vectors using Gram-Schmidt procedure
with the order from v,, v, to v; accordingly.

3 1 0 0 -1

(A)—= O (B) = 0 €)= : (D) = (1) (E) = _31
V24 3 2 V3 OJ V3 0 : V3 ? V24

1 3

-2 1 -1 1 2
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17. (5%) Consider the QR decomposition of the following matrix
1 0 0
1 1 0
M=|0 1 1|=QR
0 0 1
1 -1 1

where Q is a matrix with orthogonal columns and R is upper triangular with positive diagonal
elements, Let 1;; be the (7, /)-th element of R. Which of the following statements are true?

(A)ry, = \/§
B)rp = 1/v3
(Cyryy =2

(D)r33 = /8/3
(E)ri3 = —1/V3

18.(5%) Consideravectorv=1[3 3 3 3 0]".Letx=[x; x; X3 Xas Xs]T be the orthogonal
projection of v on the column space of the matrix M

1 0 0
1 1 D
M=(0 1 1]
0 0 1
1 =1 1

Which of the following statements are true?
A =1, B)x=7/2, (Cxz3=-7/2, D)x,=1/2, (E)x5=1

19. (5%) Consider the singular-value decomposition of a N X N complex matrix
H = Uzv#
where U and V are unitary matrices and X is diagonal with descending singular values gy, g,,...,
0,0, ...,0 on the diagonal (r < N). Let h;; be the (7, j)-th element of H. Which of the following

statements are true?

(A) Rankof Hisr

(B) Trace of H equals o; + a3 + -+ + 0,

(C) Eigenvalues of HH” are of, ¢?....,d%,0, ...,0

(D) ZiZjIhijlz = tr(HH")
2
(B) XiZjlhy|=of - a2 .. of

20. (5%) Consider two N X N matrices A and B. Suppose that there is an N X N invertible matrix P such
that B = P~1AP. Which of the following statements are true?

(A) A and B can be simultaneously diagonalized

(B) A and B have the same trace

(C) A and B have the same eigenvectors

(D) A and B have the same eigenvalues

(E) A and B have the same determinant

HAFHEMD  FHETORFAA
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1. Which of the following is true about the initial value problem of y""" — 2y" + y' = xe*+5 with
y(0) =2,y'(0) = 2 and y"'(0) = —1? Assume that the particular solution y,, = AjxBretr* 4
AyxBeele* 4 A xB2eC3 + A, xBreCe®,

(A) Xii(A; + B; + G;) = 41/3.
B) X4 +B;+C) =5
(C) ¥, (A; + B; + C;) = 38/3.
(D) Z?:l(Ai + B; + C;) = 14/3.
(E) Z?::L(Ai +B;+(C;) =8.

2. The points A(1,-2,1), B(0,1, 6), and C(—3, 4, —2) form a triangle. Find the angle (°) between the
line AB and the line from A to the midpoint of the line BC. (Numbers are rounded to 2 decimal

places).
(A) 81.29° (B) 121.51° (C}) 33,89¢ (D) 47.40° (E) 0.83°

TEEBEALBEM FAS L Y50 FHAASEARR ATEVH 1 BREAS
RS 1BRFAL A3 0 TH2ERAF - F 1o FHEIN2EERIRMELSE >S4
REFHE -
3. Which of the following is/are linear differential equation(s)?

(A) xy" + (sinx)y =0

B)y" +5xy'+ Jxy =0
d?x

ey 2 2
(Q%Zt;x
a“u d“u
(D)E-i_d—yz_u

(E) t?x" — 4tx' + 6x = Int?

4.  Consider the differential equation (t — 4)%x" — 5(¢t — 4)x’ = —9x, which of the following is/are
correct?
(A) It’s an autonomous differential equation.
(B) The general solution is x = ¢;t3 + ¢,t3 Int.
(C) t = 4 is a regular singular point.
(D) The interval of definition of the general solution is (0, o).
(E) The interval of definition of the general solution is (—co, ©0).

5. Consider the Laplace’s equation uy, + u,, = 0 with the conditions listed below. According to the
boundary conditions, it’s possible to reduce the Laplace’s equation into two simultaneous equations
with respect to x and y, separately. Assume A4 is the eigenvalue, identify the correct statements.

{ u(0,v) =0, u(L,y) =0 0<y<H
% 0) = Fid), ulx H)=0 0<x<lL

HAFHEME  FHETOATHA
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(A) The Laplace’s equation is elliptic.

(B) This question is a Dirichlet problem.

(C) The problem for X is X" — AX =0, X(0) = 0, X(L) = 0.
(D) The problem for Yis Y" + AY = 0, Y(H) = £(0).

(E) The problem for Y is V" + AY = 0, Y(H) = 0.

6. Following question 5, which of the following is/are correct?
nmw . nmwx
(A= - X(x) = sin (T)’ n= 1205 .
nnx

(B) A = (%)2 X(x) =sin ("), n = 1,23, ..
(©A="5X@) = sin("Z),n = 01,2, ..

(D) The product solution is sin (%’—C) cosh (— ﬂ;—_f«))
(E) The product solution is sin (-Tf—x) sinh (M)

7. Which of the following is/are true about the differential equation, y' + 2y? — 3y + 1 = 07?
(A) It is a second-order homogeneous differential equation.
(B) There are two critical points.
(C) One of the critical points is an attractor.
(D) None of the critical points is an attractor.
(E) The solution y(x) increases with x when x is defined on (1/2, o).

8.  Consider the linear system Ax = b, where A = [a,,a,,a;] € R>*3, a;,a,, a, are column vectors
of A, and b is a non-zero vector. Suppose b = a; + a, = 2a, + a;. Which of the following
statements are true?

(A) The linear system has exactly two solutions.
(B) The linear system has at most two solutions.
(C) rank([A,b]) = rank(A) < 2.

(D) x = [1,3,1]" is a solution of the linear system.
(E) The vectors a;, a,, as are linearly dependent.

9.  Consider the linear system Ax = b, where A = [a;,a,,a;] € R3*3, a,, a,, a5 are column vectors
of A, and b is a non-zero vector. Suppose
a; —a, +3a; =0, a; + 2a;, —a3; = b, rank(A) = 2.
Which of the following are solutions of the linear system?
(A) x=[-1,4,—7]"
(B) x=[3,0,5]%
(C) x=1[2,4,-2]T
D) x=[3,1,3]"
(EB) x=[-2,2,-6]7

HAFRAME  FYUETERETAMA
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10.

11.

12.

13

14.

15,

Two matrices are row equivalent if one can be changed to the other by a sequence of elementary

row operations. Which of the following statements are true?

(A) If there exists a matrix R such that B = RA, then A and B are row equivalent.

(B) If two matrices are row equivalent, then they have the same null space.

(C) If two matrices are row equivalent, then they have the same eigenvalues.

(D) IfE is the reduced row echelon form of A, then E and A are row equivalent.

(E) LetA € R™, Ce€ R™™, and b € R™ be given. If A and C are row equivalent, then the two
linear systems Ax = b and Cx = b have the same solution set.

Consider the linear system Ax = b. Let A = QR, where Q is an orthogonal matrix, and R is an

upper triangular matrix. Suppose
-1 4 2 -3 X1
0 -2 1], Q'b = [ 7 ],x = xz].
X3

0 0 3 15
(A)x1=9 (B)x2=1 (C)X3=5 (D)x1+xZ +X3 =12 (E)x1+x2+X3 =14

R =

Which of the following statements are true?

Let X be a least-squares solution of the linear system Ax = b. Which of the following statements are
true?

(A) R satisfies AX = b.

(B) % satisfies ATAX = ATb.

(C) R always exists.

(D) Xis unique.

(E) b — AR is orthogonal to any vector in the range space of A.

Let x4 and X, be eigenvectors of A, and A, and A, be the corresponding eigenvalues. Suppose

X, = [_21], Xy = E], M=2,A=-1 y= [;]’ Ay = [i;]

Which of the following statements are true?
(A) s; =—2045

(B) s, = —2046

(C) s, =4096

(D) s, =4098

(E) s;+ s, =2052

UTH 1482 R 16 AFSHARYHHEE - R AHEBEHER PP FEIFELS - &
15-16 FF » j=+/—1-

(10%) Use the Laplace transform to solve the following initial value problem.
y'+6y' +9y=e"3cost, y(0)=0 y'(0)=0

(10%) The Fourier transform of a continuous-time real function is given as
Y(jw) = [ y()e It dt.

HAFHEEA D FEETORATHA
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(a) Obtain the Fourier transform of the following function. (5%)

o = (sin 1007It)2
=\

(b) To sample y(t) with equal interval, what is the maximal sampling period 7 to possibly prevent
from aliasing? (5%)

16. (15%) Let C be the circle |z* + j| = 2 oriented in a positive sense where z* indicates the complex
conjugate of z, and a complex integral is defined as

z? — 2,
= dz
9(z0) f e

(a) Illustrate the contour C on a complex plane. Find g(4). (10%)
(b) Find g(10). (5%)
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1. (10%) Consider a message signal m(t) containing frequency components respectively at 100, 200,

and 400 Hz. This signal is applied to an SSB modulator together with a carrier at 100 kHz, with
only the upper sideband retained. In the coherent detector used to recover m(t), the local oscillator
supplies a sine wave of frequency 100.02 kHz.

(A) Determine the frequency components of the detector output. (5%)

(B) Repeat your analysis by assuming that only the lower sideband is transmitted. (5%)

2. (15%) For each of the following systems, determine whether the system is (1) linear, (2) time
invariant, and (3) causal. Please write the answers in detail.

(A)y(t) = cos(3t)x(t) (5%)

B)y(© = [2,x@dr (5%)

0,x(t) <0

(C)yt) = {x(t) +x(+2),x06) =0 O

3. (15%) Consider the low-pass equivalent representation of a signal

W= ) hglt—nT)

n=—co
where
A, 0=t5T
g@®) = {0, otherwise
1
L= a, — ﬁan—l
and {a,} is a sequence of uncorrelated QPSK symbols that occur with equal probability and
Efla,|’] = 1.

(A) Determine the autocorrelation function of {I,,} (10%)
(B) Determine the power spectral density of u(t) (5%)

4. (15%) A bit error rate of P, = 1072 is required for a system with a data rate of 100 Kbps to be
transmitted over an AWGN channel using coherently detected MPSK modulation. The system
bandwidth is 50kHz. Assume that the system frequency transfer function is a raised cosine with a
roll-off characteristic of r = 0.5 and a Gray code is used for the symbol to bit assignment. What
Ep, /N, is required for the specified P5? (Hint: Q(1.5 x 1073) = 2.96)
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5.  (25%) Three messages are transmitted equiprobably over an AWGN channel with noise PSD =

N,/2:

2; gt =T/2,
si(t) = 1—2, e t<T,
0, otherwise.

VZ+1, 0<t<T/2,
s2(8) = V2 -1, TRxt2l
0, otherwise.

—VZ4+1, 0<t<T/2
s3(t) = 12 -1, T2 «r=T,
0, otherwise.

(A) Use the Gram-Schmidt orthogonalization procedure to find an orthonormal basis for this set of
signals. (10%)

(B) Draw the signal constellation of the ternary messages. (5%)

(C) Sketch the optimal decision regions Ri, R, and Rs. (Please label the decision boundaries
clearly) (5%)

(D) Design the receiver. (5%)

6. (20%) For a binary transmission system, s;(t), i =0 or 1, is the transmitted signal, n(t) is the
additive noise, r(t) is the received signal and r(t) = s;(t) + n(t) for each symbol duration 7. The

output of the correlator receiver is z(T) = a; + n,. The signal component a; is ag = —lora; =

1, and the noise component n, has a probability density function of p(ngy) = @) A (-?;—0)

(A)If s;(t) and s,(t) are transmitted with an equal probability, determine the value of the optimum
decision threshold and the bit error probability. (10%)

(B)If s, (t) are transmitted with a probability of 0.8, determine the value of the optimum decision
threshold and the bit error probability. (10%)
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1. (15%) A fourth-order filter has zero transmission at ® = 0, ® = 2 rad/s, and at @ = «. The natural
modes are —0.1 + j0.5 and —0.1 + j1.5. Find the transfer function T'(s). (Hint. The natural modes

are the time functions corresponding to the poles.) (15%)

(35%) Consider the common-emitter amplifier of Fig. 1 under the following conditions: R, = 5 k€2,

R, =33kQ, R, =22k, R =3.9kQ, Rc =4.7kQ, R, =5.6 kQ, Ve = 5 V. The dc emitter current

can be shown to be Iz = 0.33 mA, at which , =120, r, = 300 k€, and r,, = 50 Q. ,

(a) Find the input resistance, R,. (Hint: Ry, = Ri [/ Rz [ (rtr2)) (10%)

(b) Find the midband gain, Ay;. (10%)

(¢) For Cry = Cpy = 1 pF and Cp = 10 pF, estimate the low-frequency 3-dB frequency. Also find the
frequency of the zero introduced by Cg. (15%)

V( €

[

(a)

g.'” T

= = (b)

Figure 1. (a) common-emitter amplifier stage: (b) Equivalent circuit for the amplifier of Fig. 1(a) in
the low-frequency band.
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3. (20%) Design the circuit of Fig. 2 so that the transistor operates at I, = 0.4 mA and V = +1 V. The
NMOS transistor has V, =2 V, 1,,Cpx = 20 pA/V2, L = 10 um, and W =400 um. Neglect the channel-
length modulation effect (i.e., assume that A= 0).

(a) Find Rs. (10%)
(b) Find Rp. (10%)

]Dl ‘RD
Vy
prsiesing
T
Dl Ry
Veg= SV
Figure 2.

4. (30%) For the circuit shown in Fig. 3, find the values of the labeled node voltages for :
(a) B = 0. (15%)
(b) B = 100. (15%)

0V

10V

Figure 3.
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1. (25%) The length of a coaxial cable with outer and inner conductors is L. The space between the outer
conductor of inner radius a and the inner conductor of radius b is filled by a medium with permittivity
¢ and conductivity o. The leakage resistance between these two conductors is R and the capacitance of]
this cable is C. Determine RC.

2. (25%) The rectangular and circular loops are coplanar as shown in Fig. 1. The radius of the circular
loop is ¢. Determine the mutual inductance between these two loops. Assume that b >> ¢ and ¢ >d.

—a —

Fig. 1

3. (5%) (a) Write Maxwell’s equations in differential form.
(5%) (b) Write the EM boundary conditions.
(5%) (c) Explain homogeneous Helmholtz’s equation.
(5%) (d) Explain dispersion.

4. As shown in Fig. 2, a uniform plane wave (Ei, H;) of an angular frequency o is incident from air on a
very large, perfectly conducting wall at an angle of incidence 6; with perpendicular polarization. Find
(5%) (a) the current induced on the wall surface, and
(5%) (b) the time-average Poynting vector in medium 1.

XA

Reflected
wave

Incident
wave

Medium I
(o1 =0)

Fig. 2
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5. (10%) As shown in Fig. 3, for a coaxial line in TEM mode, find E and H.

z=0
Fig. 3

6. The open-circuit and short-circuit impedance at the input terminals of a lossless transmission line of]
length 1.5 (m), which is less than a quarter wavelength, are -54.6 (£2) and j103 (), respectively.
(4%) Find Zy and y of the line.

(4%) Without changing the operating frequency, find the input impedance of a short—mrcmted line that
is twice the given length.

(2%) How long should the short-circuited line be in order for it to appear as an open circuit at the input
terminals?
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