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1. (5%) Let E€ denote the complement of an event E. Which of the following pairs of events, A and B,
can be disjoint?

(A) Pr(4) = and Pr(B°) = -
(B) Pr(4) = - and Pr(B°) =~
(C) Pr(A4) =7 and Pr(B) ==
(D) Pr(4) =3 and Pr(B) = 2

(E) None of these

2. (5%) The random variable X has the probability density function
_fex? if1l<x<2;
fx(x) = {0 otherwise. _
Let A be the event {X > 3/2} and Y = X?. What is the conditional variance of ¥ given A?

A1

B) 12

(©)1/4

(D) 2

(E) None of these

- |3. (5%) Let the joint probability density function of X and ¥ be given by
_ (sin(x)sin(y) if 0<x<m/2, 0<y<m/Z
F %) {O elsewhere.
Which of the following is the correlation coefficient of X and Y?

(A)0

B)1

©)-1

D)5

(E) None of these

4. (5%) Let X have the probability density function
fX)=e™ 1, —1<x<oo
Which of the following is correct?
A Pr(1<X)=e™?
(B) The moment-generating function of X is M(t) = e™*
O E[X]=-1
D) Var[X]=1 _
(E) The distribution function of X is F(x) = —e (%) -1 < x < o

5. (5%) Let X and Y have the joint probability density function
flxy)=2, I<xL<y=£l

Which of the following is correct?

A EX]=1

(B)E[Y] =1/2

(O E[Y*]=1/2

D) PrO<X<Y,0<Y <) =1/2

(E) None of these
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6. (5%) Let the joint probability mass function of X and Y be defined by

fay) =22, x=12y=1234
Which of the following is wrong?
(A)Pr(X >Y) =3/32
(B) Pr(Y = 2X) =9/32
(C)Pr(X +Y =3)=3/16
D)Pr(X<3-Y)=1/4
(E) X and Y are independent

7. (5%) Let X4, X, X5 represent the independent failure times in years of three components in parallel.
The probability density functions are fy, (x1) = 3x7,0 < x; <1, fx, (x2) = 4%3,0 < x < 1, and
fx,(x3) = 6x3,0 < x3 < 1. Let Y = max(Xy, X,, X3). Which of the following is correct?

(W) Pry =1/2) =

(B) Pr(y = 1/2) = —
1 12
(C) Pr(y < 1/3) = 13 (5)

12
@) Pr(y <1/3) =1-13(3)
(E) None of these

8. (5%) Let X be a random variable with moment-generating function My (t), —h < t < h. Which of the
following is correct?
A)Pr(X=1) <e™My(t),0<t<h
(B)Pr(X = —-2) <e ?'My(t),0<t<h
OPrX<1)<1-etMy(t),-h<t<0
(D) My (t) + Mx(6t), —h < t < h, is also a moment-generating function of some random variable
(E) None of these

9. (5%) Let X and Y be independent normal random variables with mean 0 and variance 1.
Define a new random variable Z by
_ [X if XY >0;
7=

-X if XY <0.
Which of the following is correct?

(A) Z and Y are independent
(B)E[Z] =1

(Cz=0

(D) Z has a normal distribution
(E) None of these

10. (5%) Which of the following cannot be cumulative distribution function (CDF)?
(A) % + %tan‘l(x), x € (—00,0)
B)(1—e™)™, x € (—oo,00)
(©) e, x € (—,0)
D)1—-e™™, x € (0,00)
(E) None of these
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1. (25%) Consider two discrete random variables X and Y with joint pmf:

Px,y) | X=-1] X=0 | x=1
Y =2 0.15 0.15 0.1

Y =4 0.05 0.1 0.15
Y =6 0.1 0.15 0.05

(a) (5%) Find the marginal distribution of X

(b) (5%) Find the conditional distribution of X given Y = 4
(c¢) (5%) Find the conditional mean E[X|Y]

(d) (5%) Are X and Y independent? Prove it or disprove it.

(e) (5%) Are X and Y uncorrelated? Prove it or disprove it.

2. (25%) Let X be a random variable with PDF

_[xe™*"/2,  if X>0;

fx () = {0 otherwise.

Suppose that Y = X2. Answer the following questions.

(a) (5%) Find the PDF of Y

(b) (5%) Find the mean value E[Y]

(c) (5%) Find the moment generating function of ¥

(d) (10%) Derive the n-th moment E[Y™]
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In the following, boldface capital and lower-case letters denote matrices and vectors, respectively.
For all questions, please provide both answers and justifications.

Lo

a b b b
b a b - b

(8%)Llet A=|b b a -+ D and a,b € R.Find det(A).
b b b - a (m+1)X(n+1)

(8%) Please find the eigenvalues and eigenvectors of (5I + A)*%0 given A = [ —211—'(,) _1250 :

0 1
(8%) Find the singular value decomposition for the matrix M = [ 1 2 ]
2 0

(8%) Answer the following questions :
(a) (4%) Consider a 8 X 6 matrix A and 6 X 11 matrix B. How many possible dimensions of

ker(AB) do we have? What are they? (Note : ker(AB) is the kernel of matrix AB).

(b) (4%) Let R2*2 pe the vector space of all 2 X 2 matrices. Define the linear transformation T from

R2*2 to R2*? by T(K) = K[g g] - [g g ] K. Find the basis of the image of T with respect

tothestandardbasisiB=[[é g][g 3][(1} 8],8 (1)]}

(8%) Consider the inner product space Cy which is the set of all functions that have a continuous

first order derivative on 0 < x < 1. The inner product of two functions f(x)and g(x) is defined by
1

<f.g>=J, f)g(x)dx.

(a) (4%) Use the Gram-Schmidt process to find the orthonormal basis B for the subspace S spanned

by the vectors 1 and x.
(b) (4%) Find the best least squares approximation to the function vx on the interval [0,1] by a

function in S.

(8%) Suppose the table below denotes the operation of a group. Fill in the blank entries in the table.
(Note : The group G:{e,a, b, c,d}, and e denotes the identity element.)

e a b c d
e e o _
a b _ __ e
b . c d e __
c . d _ a b
a | - - - —
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7. (8%) Let M, (R) be the vector space of all 2 X 2 matrices with real coefficients and let P, be the
vector space of all real polynomials of degree at most 2. Define T: M, (R) — P, by

([ Z]) — (a+ b) + 2dx + bx?.

LetiB={(1) 8][3 3],[2 8]8 2]}and€={1,x,x2},7)={1+x,x,1+x2}

Be ordered bases for M, (R) and P,, respectively. Determine
(a) (4%) The matrix representation of T relative to ordered bases B, C.
(b) (4%) The matrix representation of T relative to ordered bases B, D.

1 1 0 0
11 . 1110
8. (8%)LetA1=[1],A2=[1 1],A3= 11 1[A=|g 1 ] 1
011 0O 0 1 1
When n = 4, we have:
1 1 0 0 0
1 1 1 0 0
A.=|0 11 0.0
0O 0 0 1 1
0 0 0 1 14,4n
Prove that |A, 15| = |Aps1| — [Ap| forn = 1.
s(2) sn(2)
9. (B%)let A=| 5 . Please compute A0,
sin(3)  cos(5),
[ A7 Q12 Q13 [ 2551 Q13 a2
10. (8%) A = [ Gz21 Az (123],B= ay; +2az; a3+ 2az3  azt2as; |,
| A31 Q32 U3z asz1 Q33 asz

[ ay, — a3 Sin@  a;; —as;sin@  a;3 —asszsing
C = ;1 — a3 COS (7} Azp — A3z cos @ o3 — d33 cos a1
as1 azz Qs3

(a) (4%) If |A| = 10, please find [B|.

sinf cosf -1
(b) (4%) If A~* = [cos& sin@ —sin26 ] find C~1.
sinf cos@ 2
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11. (10%) Consider the following linear equation:

[ﬁ‘ 3][951:1] - [bi1 !

where A is a nonsingular n X n matrix, d is the element in R, u,v, b,x are n X 1 vectorsin R", and

0 is an n X 1 zero vector.
(a) (5%) Find an n X n matrix Y and a vector z in R" (given that A"l =H, vT = g, Please use H and

g to represent Yand z ) so that multiplying both sides of the system by [Z‘Q (1)] yields an

equivalent echelon form, i.e.,
[Y 0][A u]z[ln *]
zT 11lvT d or «/
where * means arbitrary vector or scalar.

(b) (5%) Show that the determinant of [ - “] has the form

vl d

L?r 3| = d(det(A)) — v"(adj(A))u.

12. (10%) Consider the matrix A = [g’ Z ;

The following steps will form an orthogonal diagonalizing matrix C for A.

Stepl.letg = (a—c)/2

Step 2. Let h = /g% + b?
Step 3. Let r = \/b% + (g + h)?
Step 4. Let s = \/b% + (g — h)?
Step 5. Let C = [ —h/r =S ]
B (g+m)/r (g—h)/s
(If b < 0 and rotation matrix is desired, change the sign of a column vector in C.)

Prove this algorithm by proving the following.

— 2
(a) (2%) The eigenvalues of A are A = i {az S

(b) (2%) The first row vector of A — ALis [g + /g% + b? b].
(c) (3%) The columns of the orthogonal matrix C in Step 5 can be found using part (b).
(d) (3%) The parenthetical statement following Step 5 is valid.
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11

10.

12.

TE 1-10 A JERE » 484520 4 - BRAEH 2 5 » Bédo 3 5 RELEHF L0453 - BoEPD
04340 4%

waFERX )+ 3290 + [ty(t) =0 BIrgtEF K -
(A) &£ B)F
waHRk 20) + (1 +2()?)i) + (1 - z(8)*)z(t) = 0 F =1a-F45% -
A) £ B)F
By H AR ) +3y(t) —y(t) =0 69582 » REAE BT > ZRG U LE O
AR B)F
&Ry e%34 (Laplace transform ) % 4% 18844 -
A= B)F
A RE y(L) BB L R AT S Y (s) o B BB () ehdn G Rk A 2V (s) o
A& B)F
& f(t) = e tsint, t € [0,00) 8448 3 ¥ 3% (Fourier transform) % W
A £ B) &
BERK f(z)=(2+1)/z EREZSHFAEART @ LS BHEN (analytic) -
(A) £ (B) &
BB f(2) =sinz ZREESHEE 2 B I RKMER -
(A £ B) &
REDel B FAHYV = Zit Zj+ Lk ZohRARF——RIEF I UKL TS
oAV X (V) #0 BRIFp FH DB REEHH -
Az BF
AEA 0 Vo di o 28 R EOEMHABEEIEH 0
A) &£ B) &

T@ 1-15A8A 588 SH40 SHIAFEHFZHEL0 53 - 1-15AAAH 205 -
2Ry FEX () 4+ b2(t) +sin(z(t) =u(t) » FRERTH 11 E 1558 -

Bk ut) =0, Vi o FHHR—44 (2(0),2(0) AAEHBEHARE 2(1) =0, Vi

B3k u(t) =0, Vi o EATEF ZAM (2(0),2(0)) = (0,0) Mk 2 M T R A - HRUATH
18 3 ?

(A) #b=0 > RMETAEH B AL €432 0

(B) £b=0  BIAA{EH B AL G54 -

(C) #b=1 > EMHWMHHE H R 52 0 -
D) #b=—1 QA LinEHBEGHMRE LI 0-
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13. Bk u(t) =0, Vt - ATH TR X (20),2(0) = (0,7) GBAAZEBEFTER » HELTH
184k ?

(A) 2b0=0 BFEMEHENE S KT O
@)*b~0ywﬁﬁmﬁﬁ%M%b%%ﬁﬂoa
(C) #b=1 " B4 T EHEHR S TIRE 0
D) #b=1 > BB BOR S THFHL -

14, #FEHATEF 2R (200),2(0) = (0,0) eHbpz M F2RX - Bk b=0 LEFRAZ
#yAIE (forcingterm) ZE S FER$ o T Hl 4 ulifTH & EeE?

(A) ZeEHRXBERaEN -

(B) 4ozt RN EA (1,0) > R EZANHES sint -
(C) ZGMF B OB ETHER

D) ZHF RGBT RETEE -

15. R A 2 KX (2(0),2(0) = (0,0) LB ZGHEFER - BEZ =2 BZFEAX
#i AR (forcing term) A sint o T 7| 44 3l o] & 2 7K 7

(A) &M F 2 X AR E WA E] 5 cost -

(B) &M 2 X oW E] sint

C) szt ES (0,0) RIFTLXMAES sint -
(D) dosZ T XY ER (0,1) BATRZXEAS cost -

T@ 16-23 AEAH B BHASH 85405 - B4 —EBRP 2 S FHERNESREAEL
# o SRS -

16. 4 F(z,y,z) = (y+ ay®2)i+ (bx — z + 2zyz)j + (cy + zy®)k o T #adlfar 4 £ 2E?

(A) FRE—WE (a,bc) HERF RA—BRTFHREH -
B) AAF— (a,bc) BAERF A —BAFRTHRES -
©) (a,b,¢) =(—1,0,1) @3 F R A—RAEFTHRES -
D) (a,b,c) =(0,1,-1) 3 F A —BRTFHEOZ5 -
(E) (a,b,c)=(1,1,-1)8#F A —BETFHQES -

-1 1 0
17. £ A= { D =l O:’ o F 5B At 2B ATH EAE?
0 0 1

(A) ZERE—B3IxIHFRE-

B) ZmERALI >0 XA —ETHEMR -
(C) &M (3,2) M BEA—E AL et o

D) #Er (1,2) R EAR—BEH te~t -

(BE) €t— ool MEMIEA0ER-
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18.

1%,

20.

21.

22.

23,

Consider the linear equation Ax = b, where A = [a,,a,,a3,a,] € R¥** and a,,a;,a3,a, are
column vectors of A. Suppose a, + a, + a; + a, = b. Which of the following statements are true?
(A) The linear equation has exactly one solution.

(B) The linear equation has infinitely many solutions.

(C) No conclusion can be drawn about the number of solutions to the linear equation.

(D) The vectors ay,a,,as, a, are linearly dependent.

(E) rank([A,b]) = rank(A)

Consider the linear equation Ax = b with A € R™*™. Which of the following statements are true?
(A) Ifrank(A) = m, then there exists at least one solution.

(B) Ifrank(A) = n, then there exists exactly one solution.

(C) Ifrank(A) = n, then the column vectors of A are linearly independent.

(D) Ifn > m, then there exists at least one solution.

(E) Ifm > n, then there exists at most one solution.

Consider the linear mapping L: V —» W. Let 0,, and 0y, be the zero vectors in V and W, respectively.
Which of the following statements are true?

(A) The condition L(v;) = L(v,) implies v; = v,.

(B) Forany w € W, there exists v € V such that L(v) = w.

(C) IfL is one-to-one, then L(v) = 0y implies v = Oy.

(D) Ifvy,v,, -,V are linearly independent, L(v;), L(v,), +, L(v) are also linearly independent.
(E) The condition ¢;vy + 3V, + -+ + ¢V, = Oy implies ¢ L(vy) + ¢, L(v5) + -+ + ¢ L(Vi) = Oy

Given vectors X, y, Z in R"™ and matrices A, B, C in R™*™. Which of the following statements are
true?

(A) IfxTy = 0andy”z = 0, thenxTz = 0.

(B) rank(xTy) = rank(xy”) =1

(C) (A+B)(A—B)=A%-B?

(D) IfAC = BC and C is not the zero matrix, then A = B.

(E) If AB equals the zero matrix, then BA also equals the zero matrix.

Let A € R™™, R(A) denote the column space of A, N(A) denote the null space of A,

and dim(S) denote the dimension of a subspace S. Which of the following statements are true?
(A) Forany x € R", there existsu € R(A”T) and v € N(A) such thatx = u + v.

(B) Suppose u € R(A) and v € N(AT). Thenu”v = 0.

(©) dim(R(A)) + dim(N(A")) =n

(D) Foranyy € R(A), there exists x € R™ such thaty = AATx.

(E) Ify € N(AT) n R(A), then y is the zero vector in R™.

Let A € R™ ™ and x € R™. Which of the following statements are true?

(A) If A is singular, then 0 is an eigenvalue of A.

(B) A and AT share the same eigenvalues and eigenvectors.

(C) If A is diagonalizable, then A has » distinct eigenvalues.

(D) Suppose that A is nonsingular. The condition Ax = Ax implies A™'x = A7'x.

(E) Suppose that all the eigenvalues of A are real and positive. Then we have det(A) > 0.
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24. (10%)
(a) (5%) Let I be the circle |z — %l = %, oriented positively. Evaluate the integral

§ 7
rz"‘+1z

(b) (5%) Evaluate the integral

[
X 41 x
25. (10%)

(a) (5%) Define

z
z¥+6z2+1
Let z;, be a pole of f(z). If z;, is inside the unit circle |z] = 1, compute the residue of f(z) at z;.

(b) (5%) Evaluate the integral
fo 14 cos? 6

f(z) =

HAFEA M  FERADATAAE
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(15%) A second-order filter has its polesat s = —(1/2) £ j (\/§ i 2). The transmission is zero at
® = 2 rad/s and is unity at dc (@ = 0). Find the transfer function. (15%%*1)

(25%) For the common-emitter amplifier shown in Fig. 1, let Vo =9V, Ry =27 kQ, R, = 15 kQ,
R; =1.2kQ, and R, = 2.2 kQ. The transistor has f# = 100 and V, = 100 V. (a) Calculate the dc bias
current I. If the amplifier operates between a source for which Ry = 10 kQ and a load of 2 kQ, (b)
replace the transistor with its hybrid-r model, and (c) find the values of R;, (d) the voltage gain v, /v, ,
and (e) the current gain i,/i; (5%*5)
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(30%) The current-steering circuit of Fig. 2 is fabricated in a CMOS technology for which k;, = 90
BA/VZ, kp =30 pA/V?, V,, = 0.8 V, and Vip =-0.9 V. If all devices have L = 2 pm, design the circuit
so that Iggr =20 pA, I, = 100 pA, and I5 = 40 pA. Use the minimum width of 2 pm for as many of]
the devices as possible. (a) Give the required width for each transistor and the value of R required.
(10%) (b) What is the highest voltage possible at the drain of 0>? (c) What is the lowest voltage
possible at the drain of 05?7 If V,,, = 8 L and |VAp| =12 L, where L is in pm and Vg, and V,, are in
volts, (d) find the output resistance of the current source Q», and (e) the output resistance of the current
sink Os. (5%*4)
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4. (30%) For the common-base circuit in Fig. 3, assuming the bias current to be about 1 mA, =100,
C, =0.8 pF, . =25 Q, and fr = 600 MHz:
(a) Estimate the midband gain V, /V.
(b) Use the short-circuit time-constants method to estimate the lower 3-dB frequency, f;,. (Hint: In
determining the resistance seen by (;, the effect of the 47-k(Q resistor must be taken into account.)
(c) Find the high-frequency poles, and estimate the upper 3-dB frequency, f. (10%*3)

+3V
3

§3"Q 10 uF

1 oF,
%47&9
1kQ
Q b
100 2 e —
1ul

b= Fig. 3

RARMERE > HYEH DRTAA






B v RE 109 2455
USSR 80l X ]

B &4 EAEE [ERATALIETRMAALIESL - BMAHEL
EFE - LaBd - ERAFAT I RAES]

— R EFE—
FXAER] 100 542

© FRMWLENAFLMAE  BRELTE - $lie - L 2hand%
£E(F) 2BEHESE - 2AKSE s ERHABEFL# > W AF L
PPiZEE XA B R IE -

® LEXLEMAE -BREELEDEE BRIET THERAER &
CEARXTRIR SRR BER () ~ FEGHITESE) - BA
BHREA S EE  FEBEFERK  FEBES -

® AEXFFUBHEL N ATHEAGER (%) %> R{EH 2B 4L
FHRRBRTERALHEREEREEL AR #4847
BiE -

® XXX (F) BREFERE  FEAIE BUER B EELHIRERIE
o RAFEFEANL S BEBREBE AL L EHZEMIFTRG
A ,

® T[TEHEEMGAMFRABENNAZELE o T B > BIE~
FER ERFRETEAER s LB RN B E A e Rg R
FoARNIFLEMBEN MR (RS THEE ETFRE) A
5 o

o HENERE (F) BHEMNHE - RMOEBEZBREIUSHEE -

o HEREMIIE  ZEEIEHEEMEEEE -

o ERBRARBEERNASHRAREREEIAEE -




Baxb LASL 109 LFEELEELIEIE 4 L RRA

B LM ARER [BRTALETHMESATHES - GNAAEALHETE - ZaEH - 4
BRI @EH] AR 437002
KAFABKBFRAL "Tor, EANER B A #H) (FEFHRM) #3B¥18

1. (10%) Explain what carrier and symbol synchronization are in a communication system.

2. (10%) Consider a random variable X with the distribution:
p(X=k)=p(1-p)", k=1234,....
Show that H (X)=-log, p —lg—plog2 (1-p).
p

Hint: H(X)= E[-log, p(X)].

3. (25%) Consider a passband signal given by
x(¢) = sinc’ (1) (1 + Acos 4m) cos (wcr + %J ,

where w, > 4r.

(a). (10%) Plot the frequency response |X (w)‘ where X (w) is the Fourier transform of x(¢).

1t

) F
sinc(t) — >
Hint: 050" 05

(b). (5%) Find the equivalent baseband signal of x(f).
Hint: cos(A+ B)=cos(4)cos(B)-sin(4)sin(B).

(c). (10%) Find the Hilbert transform of x(7).

Hint: Let Hilbert transform of x(f) be ;c(t) f{;c(r)} =—j sgn(w)}"{x(r)} .
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4. (20%) Consider a sequence {an}:;_w of independent and identically distributed (i.i.d.) random

variables. Each a, takes value of +1 and -1 with equal probability. Let the transmit sequence

b, =a,—a,_ . The sequence is then transmitted by the baseband signal s(¢), which is given by

n

s(t)= Y b,g(t-nT),
where g(¢) is shown in Fig. 1.
(a). (10%) Decide the Fourier transform of g(7).

b
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Hint: 2
(b). (10%) Decide the power spectrum density of s(f).
g(®)

1

OZ T:
L2

Fig. 1

5. (20%) Consider a real signal x(¢) with its Fourier transform X ( jw) as shown in Fig. 2. We want to

reconstruct the signal x() from x,(r) of the sampling system provided in Fig. 3, where
1

2
(a). (5%) Plot the spectrum of x ,(7) .

w, =—(w, +w,), and the cutoff frequency of the low-pass filter H (jw) is %(w2 —-w).

(b). (5%) Decide the maximum sampling period 7" so that x(f) can be perfectly reconstructed from
x,(1).

(¢). (10%) Plot a system that can reconstruct x(¢) from x,(z) .

X(sw)
Fip. 2
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x(f)—ﬁf)—» H(jw) —-@f)—» X, (0)

M p= 3, 8(t-nT)

h=—00

Fig. 3

. (15%) Consider a communication system as follows
Y=4X,+N, ,i=1234,

where {X,}?=1 are iid. N(0,1), and {N}4

i}i=1

are i.id. N (0, 0'2). N (m,0'2) indicates the Gaussian

distribution with mean m and variance o*. {¥;} are the observed output signals. Let U be the input

single binary random variable. If U =0, then 4 =4, =1,and 4,=4,=0; U=1,then 4, =4, =0,
4

and {X,}

i=1"

and 4; = 4, =1. The input random variable U is independent of {N,}'

=l

(a). (5%) Define Y:[K Y, L Y;]T . Determine the joint probability density function
fWU(YIU:O)-

(b). (5%) Decide the log likelihood ratio

o (le=0)}
Jyw (Y|U:1) .

(c). (5%) Define E,=Y’+1} and E, =Y} +Y}. Can the difference of E,—E, be the sufficient

LLR(y)zln[

statistics for LLR(y) ? Provide your justification.

HAFHLAYT FHURHFORETAA




