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1.

(5%) Which of the following functions could be the cumulative distribution function (CDF) of some
random variable?

(A) Fx(x) = > + = tan™" (x)

(B) Fx(x) = e~

() Fy(x) = e™*

(D) Fx(x) = x*u(x), (u(x) is the unit step function)
(E) None of these

(5%) Let X represent a binominal random variable with parameters n and p. Find E[X2].
(A) np

(B) n(n — 1)p?

(O n?p® + np(1 - p)

(D) np?

(E) None of these

(5%) A nonnegative integer-valued random variable X has the moment generating function
M(s) = exp{2(exp{e® — 1} — 1)}. Find P(X = 0).

(A)O

(B)e™®

(C)e™2

(D) 62(3'1—1)

(E) None of these

(5%) Let X be a Gaussian random variable with mean uy and variance ¢, and let Y be a Bernoulli
random variable with P(Y = 1) = p and P(Y = —1) = 1 — p. Assume that X and Y are independent.
Let Z = XY. Under which of the following conditions is Z a Gaussian random variable?

A)p=1/2

B)p=1/2andgf =1

©C)of=1
(D) pux =1and o = 1
E)pux =0

(5%) Two random variables X and Y are independent and uniformly distributed in [0,1]. Let f; and
fxv be the probability density function (PDF) of X and joint PDF of X and Y, respectively. Which of]
the following statements is correct?
AYPX>2Y|X>Y)=1/4

B) fx(xlX>YV)=2x, 0<x<1

©) frr(x,y|X>Y)=2xy,0<y<x<1
D) fyy(x,y| X >¥V)=1,0<y<x<1
(E) None of these
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6.

(A) CDF of Xis F(x) =1—e™*/2,forx =0

10.

(Qof =1/4

~ (E) None of these

(5%) Let X be a random variable with probability distribution function given by
k(1—x)x3, 0<x<1

f) = { 0, else

for some constant k > 0. Find the variance of X.
W23 ® 10/ v ©% 63 (@D L 20 - (B) None of these

(5%) Suppose two random variables X and Y are jointly Gaussian with uy =1, 07 = 4, py = —1,
of =1, pxy = 1/ 3. Let Z = X — 3Y. Which of the following statements is wrong?

(A)Z is Gaussian distributed
B)E[Z] = -2

(Q)oz=9

(D)Cov(X,2) =2

(E) None of these

(5%) Consider a random variables X with probability distribution function
fx) =xe /2, forx=>0
Which of the following statements is wrong?

(B) E[X] =/

Q) of=2—m1/2

(D) Let Y = X2 PDF of Yis f(y) = e ™¥/2,fory = 0
(E) None of these

(5%) A fair and six-sided die is rolled just once. Let X be 1 if the number is 3 and zero otherwise. Let
Ybe 1 if the number is 2 and zero otherwise. Find the correlation coefficient of X and Y.

(A)—-1/5

® 0

(C) 5/36

(Dy—1/36

(E) None of these

(5%)- Suppose two random variables X and Y are i.i.d. exporential distributed with PDF
fx@w) = fr(w) =e™, foruz=0

Let Z = min{X, Y}. Which of the following statements is wrong?

(A) The CDF of Zis F(z) = 1 — e~ 2%,forz = 0

(B) E[Z] = 1/2 ' '

(D) Z is also exponentially distributed
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1. (10%) Let X be a random variable with the following probability mass function:
P(X =1k) =1 fork=1,2,..

kt  (k+1)%
Find the cumulative distribution function (CDF) of X.

2. (15%) Let X and Y be independent normal random variables with zero mean and common variance
o?. LetU=X+YandV = X2 + Y2, Find the joint probability density function (PDF) of U and V.
Are U and V independent?.

3. (10%) Let U be uniformly distributed over [0, 1], and let F(x) be a cumulative distribution function
of a random variable X. Suppose that the inverse function F~1(u) is well-defined for u € [0,1].
Prove that the random variable Z = F~1(U) has the same CDF with X,

4. (15%) Over the circle X? + Y2 < r?, the random variables X and Y are uniformly distributed as:
1
fy) =gz ¥ FYI ST
0, else
(a) (5%) Find the marginal PDF of X.
(b) (5%) Given X =r/2, find the conditional mean of Y : E[Y|X = 1/2]
(c) (5%) Are X and Y independent? Please explain why or why not.
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1. (30%) Fig. 1(a) indicates a system where the output y(f) is expressed as the input signal x(¢)

multiplied by p(r). Consider x(#) as a band limited signal with IX ( jw)l =0 for [w|2 w,, and p() as a

periodic square waveform shown in Fig. 1(b).
(). (15%) Determine the frequency response P(jw) of p(2).
(b). (5%) Decide the frequency response Y(jw) of the output signal y(¢) in terms of X(jw).

(¢). (10%) Assume that 7, =T /4. Decide the maximum value of T so that aliasing does not exist

among the replicas of X(jw) in Y(jw).

p(e)
x(t) ——@—— y(t) 1
| HIRE R ’
p(t) - —
Fig. 1(a). Fig. 1(b).

2. (25%) A baseband-cquivalent signals
x,(1) = (x, + jx,)sinc(t)
is convoluted by the complex filter
h(t)=06(t)— jo(t-1).
(a). (5%) Compute y, () =h, () *x,(1).
(b). (10%) Assume y,(¢) is convolved by the following filter
h,(t) =2 jsinc(t).
And the result is
K1) = y(6) % ,(1) = By (1) #x,(8) .
Decide r,(t). (Hint: sinc(z) *sinc(¢ — k) = sinc(f — k) with an integer k.)
(c). (10%) Define
r(f) = Re{r, ()™ } = h(t)* x(1),
where x(t) = Re{x,(t)e’*'}. Show that

h(t) = 4sinc(t—1)cos(w,t) —4sinc(¢)sin (w,z).

BAREANE
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3. (25%) Let {a,} __ be a sequence of independent and identically distributed (i.i.d.) random

variables and a, = {0,1} with equal probability. Denote b, as a new sequence and b, =a, ,®a,,
where @ is an EXCLUSIVE-OR operation. The pulse-amplitude modulation (PAM) signal can then
be defined as

s(t)= i bng(t——nT) ,

=00

where

(Z)_ 1, 0Z:<T
A 0, otherwise

and
G(f)| =T7sinc?(IF)
with G(f) being the Fourier transform of g(?).

(). (5%) Decide P(b, =0) and P(b, =1).

(b). (12%) Decide the autocorrelation for the sequence 5, .

(¢). (8%) Decide the power spectrum density of the PAM signal.

4. (10%) A passband signal can be transferred to a baseband signal with the phase splitter shown in Fig.
2(a). Here, £(¢) is the Hilbert transform of x(f), and the Fourier transform of £(¢) is —jsgn(w)X (w).
sgn(®) is denoted as the sign function. If we replace the Hilbert transform by the inverse Hilbert
transform with its frequency response jsgn(w), the phase splitter can be modified as Fig. 2(b).

Consider the frequency response of x(#) in Fig. 2(c). Plot the frequency response of x,,(¢) and

x,,(8).
e—ju!,:t eJ'W(-’
. L S !
x(1) — J GP—'®—-’ %1 () x(1) —| J E?—-—'@—-’ %2(0)
BECHR 120 &
= ® ——=—®
i m
Fig. 2(a). Fig. 2(b).
X (w)
W, ~W, —W, 0l wow, W,
Fig. 2(c).
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5.

(10%) A single-input multiple-output (SIMO) system is constructed by an antenna deployed at the
transmitter and multiple antennas utilized at the receiver. Consider a simple SIMO model shown in

Fig. 3. The transmitter uses equiprobable M signals {sm(r)}j=| for transmission. The received signals

at two antennas can be expressed as

W)=, +n(t) and y,(t)=s, (1) +n,(1),

where two noises »,(f) and n,(¢) are independent zero-mean white Gaussian noise with powers o7}

and o}, respectively. Determine the optimum detector based on the observation of both y,(¢t) and

y,(1).

m S (1)
Transmitter

1, (1)

V(1) =s,, (1) +n,(1)

[4nY
N

() =s,,(0)+n(r)

\

m(t)

Fig. 3.

Optimum
Receiver

~

n
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1. (30%) Figure 1 shows a differential pair of matched N-channel MOSFET transistors. Given the

mathematical model Vgg~Vyy =215/ K, K=p,C,W/L=1mA/V?, and the bias current
Is =80 pA. (1) (15%) Derive the maximum allowable differential input voltage AV, in Fig.
1(b). Hint: AV, is the voltage that is about to saturate the amplifier and turn off one MOSFET.
(2)(15%) Calculate the transconductance g, of the amplifier when AV is small.

7
2o AI=1-I,

L | |1 Lt
v, —] -,

» A= Vl- Vz
AVmux
T

Fig. 1 (a) Fig. 1(b)

-

2. (15%) Figure 2 shows a MOSFET transistor M that makes a constant current source for a 100Q
load. The body terminal and source terminal of MOSFET M are tied together. Assume that the op-

amp has an open-loop gain 4=10, and M has the device parameters: K = 1,C, W /L=1mA/V?,
Vin =0.7 V, 4 = 0.1. Suppose the supply voltage Vpp has 1% variations on it. Estimate the
percentage change in current /p. Note: I, = %K Vos =Viu )2 (I+AVpg) for M in saturation.

Vin 1 Vi

equivalent

R’ = C

Vctr i Rz R

Fig. 2 Fig. 3(a) Fig. 3(b)

3. (20%) An RC OP-Amp circuit shown in Fig. 3(a) behaves just like a series LR circuit in Fig. 3(b).

Derive the expression of L and R in terms of C, Ry, and Ry, so that both circuits have the equivalent
impedances looking from their inputs.
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4. (35%) A power amplifier is shown in Fig. 4. (1) (§%) Explain the purpose of transistor Os. (2)
(15%) C forms a high-pass filter with the voltage divider R1 and R». Determine the value of C so that
the cutoff frequency is 20 Hz. (3) (15%) Determine the voltage gain of the power amplifier.

15V
T
330Q 2

O1
0.5Q

Ry 3

24kQ | 4700 : 1000pF

—11 o

° +
0.5Q 10Q V,,
0 - _

w—F N\

Qs

~

A

300Q ¥

Vi, D—“_‘__—'; O4

Ry 3 2220
5.6kQ 1
330HFE.75Q

v

Fig. 4
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In the following, boldface capital and lower-case letters denote matrices and vectors, respectively.
For questions 1~12, please provide both answers and justifications.

1 0 0 0
1. (8%) Let matrix A = —02 _3 4 g 8 and B = (I + A)~1(41 — A). Please calculate (I +
0 0 -6 7
B)~1, where I is the identity matrix.
1 1 1
2. (8%) Find the factorization PA=LDUfor A =|5 5 8|.
3 4 10
[16 7 —4
3. (8%)Let A=|0 4 6 |.Findamatrix B such that B = A.
0 0 25l
0 1 1
4. (8%)LetA=[0 -1 1. Pleasecompute A°.
1 1 O

5. (8%) Find the best least square (error) sense by linear function y = ax + b to the model:

X 1 3 5 7 9
y -1 -2 -1 -8 -4
1 3 6

6. (8%)LetA= % % g . Find the QR-factorization of matrix A.
1 3 4

7. (8%) Consider the set S = {0,1,2,3} with the operations:

0123 -1 0123
0f/0 123 0/00 00
111230 1,01 2 3
212301 2002 31
33012 30312

Is this a field? Why?

=]

. (8%) Let A and B be 3x3 matrices with det(A) = 3 and det(B) = 7. Please find
(a) (2%) det(AB)
(b) (2%) det(3A)
(c) (2%) det(2AB)
(d) (2%) det(A™'B)

1110 011101 110100
9. (8%)LetA = g%é% , B=1110011|, C=1{011010]|be matrices with entries from the
0001 111000 101001

binary field with addition and multiplication defined in the following:




BiIiv LAE 1B SFEFITERLFIHEBELREA

#BAH gERH [EBRmatETal A% - 437006
MAFEREERE "I, EAFIAR (B - AF#) (REFRM) H2H%2F
o1
0|0 o
1o 1

(a) (3%) Find the inverse matrix of A in the binary field.
(b) (5%) Prove that the rows of C span the null space of B in the binary field.

10. (8%) Assume that L is a linear transmission system from R* to R3, where

x xX+y+z
L 3z’ =ly+tz+w |
w —y—Z=W
Please find:
(a) (2%) the range of L.

(b) (2%) the null space of L.
(c) (2%) Is L one-to-one? Explain why.
(d) (2%) Is L onto? Explain why.

11. (10%) Let A and B denote two non-singular square matrices. Please prove that matrix BA has the
same eigenvalues as matrix AB.

E

12. (10%) Let X = [‘é g] and ¥ = [ fl] where 4, B, C, D, E, F, G and H are constants.

_J[A*E+B-G A-F+B-H
Define X-Y={¢. ;1) ¢ ¢opip.m
operators. Is it possible to reduce the number of multiplication operators to 77 Explain why.

] as the matrix multiplication using 8 multiplication
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