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1. (10%) Suppose a 4 by S matrix A has rank 4. Then the equation Ax = b
(a) always has a unique solution.
(b) always has no solution.
(c) always has many solutions.
(d) sometimes but not always has a unique solution.
(e) sometimes but not always has many solutions.
Please select the best answer and you do NOT need to provide any justification.

2. (10%) Suppose a 3 by 5 matrix A has rank 3.
(a) The orthogonal complement of the range space of A is a 3-dimensional space.
(b) The nullspace of A is a 3-dimensional space.
(c) The column space of A is a 3-dimensional space.
(d) The kernel of A is a 3-dimensional space. :
(e) The orthogonal complement of the kernel of A has dimension 2.
Please select the best answer and you do NOT need to provide any justification.

3. (10%) Suppose that A is the matrix
2 1
A=|65
1204
Which of the following is the column space of A?
(a)[8, 28, 14]T.
() [28, 8, 14]7.
(c) [14, 28, 8]T
(d) [28, 14, 8]7.
Please select 1he best answer and you do NOT need to provide any justification,

4. (10%) Which of the following matrix A can project every vector b in R* onto the line in the direction
ofa=[2,1, 37

1 2 3] 4 276

@A=%1246|] ®mMA=L|2 13
13 6 9} 63 9]

2 1 3] 31 2
A=+ 1426] (dA=L]6 2 4|
6 3 9| 9 3 6 |

Please select the best answer and you do NOT need to provide any justification,

5. (10%) Suppose that A is the matrix

123
A=1]2 4 0|
6 9

3
Which of the following is all the eigenvalues of A?
() A =(1,1,1).
(b) A = (1,1,0).
(c) A = (1,0,0)
(&) A =(0,0,0). :
Please select the best answer and you do NOT need to provide any justification.
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6. (10%) Suppose the n by 7 matrix A that has 0 on its main diagonal and all other entries are —1; i.e.,
A =T1-11Twith1 =[1,1,...,1]". The determinant of A is

(a) n?-1
b)) n?+1L
() n—1
(d n+1L

Please select the best answer and.you do NOT need to provide any justification.

7. (10%) Suppose that A is the matrix
0 -1

A= { 1 0 ]
Which of the following is all the eigenvectors of A?
(a) [1a - 1]T> [13 1]T'
(b) [1> "7;]71: [17 "]P
(©) [1: - i]T7 [1a I]T-
(d) [1.‘ - 7:]711 [7;7 1]T-
Please select the best answer and you do NOT need to provide any justification.

8. (10%) If A is any m by n matrix with /n > n, then

(a) AAT is always a positive semidefinite matrix.

(b) AAT is always invertible.

(¢) ATA is always a positive definite matrix.

(d) A is a symmetric matrix.

Please select the best answer and you do NOT need to provide any justification.

9. (10%) Let v1, Vg, Vs, v4 be four non-zero vectors. If viv; = 0forall ¢ # 7, then
(a) they must be linearly dependent.

(b) they must be linearly independent.

(c) they must be either linearly independent or linearly dependent.

(d) none of the above hold.

Please select the best answer and you do NOT need to provide any justification.

10. (10%) Suppose that A is the matrix
A [ 2—-k 1 ]

34—k
For which value of constant & does matrix A fail to be invertible?
(a) k=4
(b) k=3,
ey k=2
d k=1

Please select the best answer and you do NOT need to provide any justification.
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1. (Totally, 15 pts) A coin is chosen to have a.random bias. That is, the coin has probability Q of
coming up heads, where @ is a random variable uniformly distributed over the interval [0,1]. Then,
Chris and Judy each flip the coin once. Let X be the random variable which is 1 if Chris flips a head
and 0 if he flips a tail. Similarly, let ¥ be the random variable which is 1 if Judy flips a head and 0 if]
she flips a tail.
(a) (7 pts) What is the probability that both Chris and Judy flip heads?
(b) (8 pts) Are the random variables X and Y independent? Please explain your answer.
2. (Totally, 15 pts) Let X;, X, and X; be independent random variables, each of which is normally
distributed with mean yx and variance 2, Define ¥ = X, + X, and Z = X3 + X5.
(a) (5 pts) Find the covariance between Y and Z.
(b) (10 pts) Find E[E[Z|Y]].
3. (Totally, 15 pts) Let X be a Bernoulli random variable with parameter «, that is,
1—a ifx=0
PX =x)=1{«a ifx=1
' 0 otherwise.
Please find E[X*] for all k& > 0.
4. (Totally, 20 pts) Let Z be a continuous random variable with density function £, (z). We say that Z is
symmetric about « if for all z,
PZza+z)=P(Z<a~—1z)
(a) (10 pts) Prove that Z is symmetric about « if and only if for all z, we have
. fela —2z) = fz(a + 2). .
(b) (10 pts) Let ¥ be a continuous random variable with probability density function given by
AV = ’ 4 E R.
MO TG
Find the point about which ¥ is symmetric.
5. (Totally, 20 pts) Suppose X and ¥ are two jointly distributed random variables with joint probability
density function given by
L (12xy(c—-x) O0<x<10<y<1
far (e y) = {O otherwise,
where ¢ is a constant.
(a) (10 pts) Find c.
(b) (10 pts) Find the probability P (¥ < 31X > 7).
6. (Totally, 15 pts) For § > 0, let
(1= Be @) if x>0,y >0;
Fry(7) = {O otherwise,
Determine if Fyy can be the joint probability distribution function of two random variables X and Y.
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1. (30 %) True or False. You do NOT need to provide any justification.

(a) ( ) Every time domain signal can be expressed in terms of overlasting sinusoids and

exponentials.

(b) ( ) The Fourier spectrum of a signal indicates only the relative amplitude of the
sinusoids/exponentials that are required to synthesize that signal.

() () Ifx(d) is periodic, the spectrum is also periodic.

(d () In double sideband suppressed-carrier (DSB-SC) signal, the envelope of its bandpass
signal is proportional to the amplitude of the message signal.

e ( ) A fast time-varying signal suffers more slope-overload distortion than the slow one.

® ( )If¥=g(X) with gbeing a deterministic function, then H(¥'| X )=

2. (20%) A single-sideband (SSB) AM signal is transmitted via modulating an 1000 Hz carrier by the
signal m(f) = cos(2007t) + 2sin (2007¢) . The amplitude of the carrier is 4, =20.

(a) (5%) Decide the Hilbert transform of m(z).

(b) (10%) Decide the time domain expression for the lower sideband of the SSB AM signal.

(c) (5%) Decide the magnitude spectrum of the lower sideband SSB signél.

3. (15%) Show that
sinc (#) *sinc (r) *sinc () = sinc(z),,

sin 7zt
Tt

where * represents the convolution operation and sinc(r) =

4. (15%) Using the properties of the Fourier transform, compute f sinc’ (¢)dr .
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5. (20%) A Z channel is given as Fig. 1(a). Decide the input probability distribution that achieves
capacity. Also, determine the capacity of the infinitely cascaded Z channel, as shown in Fig. 1(b).
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(b)
Fig. 1 (a) Z channel. (b) Cascaded Z channel.
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