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Quantum Mechanics

Use the commutation relation between the momentum j» and the position x to
oblain the equations describing the time dependence of the expectation values of
<x>and <p> given the Hamiltonian H=p%(2m)+(1/2)k(cex™Px+y).

Obtain the standard angutar momentum commutation relations, i.e. [L,,Ly], [L,,L,]
and [L,,L,], and use them to show that L, commutes with L*=L,+L,+L2.

If the potential of a particie is spherically symmeltric and is given by V(r)=—V, for
r<R and V(r)=0 for 1=R,. V,is a positive value. Find the eigenenergies and
eigenfunctions of the bound states. [ You nieed spherical Bessel functions:

Do ()=e™/(1x); I, (x)= - e™(1-H/x)x; jo(O=siux/x; j,(x)=sinx/x’ — cosx/x and the
recursion formulas 241z (x) /x=z, ;(x)F2,,(x) and z,(x)=[lz;_,(x) -

{1z (Y 2H D]

H the motion of an electron in an atom can be described by an effective one-
electron Schrodinger equation with a potential given by

VI1,0,0)= — Zre%r + osinBeosd/r’.
Obtain the eigenenergies and cigenfunciions of the electron in this atom, Treat the

one-dimensional r integrals as parameters.

. Based on the eigenenergies and eigenfunctions of a hydrogen-like atomn to construct

the first-order estimate of the eigenfunctions of the two electrons in the helium
atom and estimale fhe corresponding eigenenergies. [Rementber that the eleciron
has a spin of 1/2f{]
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1. Two long, cylindrical conductors of radii a, and a,are parallel and separated by a
distance d, which is large compared with either radius, Show that the capacitance
per unit length is given approximately by

C » e, (ndy
a

where a is the geometrical mean of the two radii. (15%)

[N

A point charge q inside a hollow, grounded, conducting sphere of inner radius a.
The distance between the point charge and the center of the sphere is d (d < a),
find the maximum and minimum value of the induced surface-charge density.
(15%)

A total charge ¢ uniformly distributed around a circular ring of radius a, located
as shown in Fig. 1, with its axis the z axis and its center at z = b, Prove that
(a) the potential at point P is

L

m 14
D(z=r)= g ZCE—HPI (cose), forr>c
4z e =0
@ £
Dz=r)=-"2 %P, {cosa), forr<c
dws, 1= € :

(b) the potential at an arbitrary point P’is

4

®(r,0)=—L3" "< p (cosa)P, (cos )

£+l
4.71'50 =0

~

¥

where 1. (r,) is the smaller (larger) of rand c.  (20%) Fig. 1

4. Two concentric conducting spheres of inner and outer radii a and b, respectively,
carry charges +(). The empty space between thé spheres is half-filled by a

hemispherical shell of dielectric (of dielectric constant £/¢,), as shown in Fig. 2.
(a) Find the electric field everywhere between the spheres.

(b} Caiculate the surface-charge distribution on the inner sphere.
(c) Calculate the polarization-charge density induced on the surface of the

dielectric at r = a. (15%) '
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5. A right-circular solenoid of finite length L and radius a has N turns per upit

length and carries g current I. Show that the magnetic induction on the cylinder
axis in the limit NI, — o is :

B = f‘f’—;"i(cose, +c0s6),)

where the angles are defined in Fig. 3. (15%)

— 0L T Z ,#_h__
Fig. 3
6. Consider 3 plane electromagnetic wave i

‘A
E= Eaiei(kz—m!) + Eoyei(kz-whﬂ 5

1

where k= /¢ and E,, E,” are real. (a) Determine the energy density u and the

Poynting vector §. (b) Determine the polarization of this electric field, if ES'=2E,
and ¢ = g 4. (20%)
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