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25 points for each of the following problems

1. Let A, be the square {(:r y) : 2| < L]yl £ 1} rotated_i-. SR

through the angle 2rnf, n = 1,2, ... Explam what llmsup

A, and liminf A, are in case A
a) 0 = 1/8.

-(b) 8 is rational.
(c) ¢ is irrational.

2. Suppose (2, F, ) is a measure space and- fn ar
surable functions with respect to this space E S
(a) Prove that if 0 < f, — f almost everywhere and:f o
I fady < A< 00, then f is integrable and [ fndu <A,

(b) Suppose that f, are integrable and supy, I fodp < 00,
Show that, if f, T f, then f is mtegrable and J fndu —

3 ffdu

_3 Prove that if Xl,Xz, .. are 1ndependent random vari-
- ables (but. need not be identically distributed), E(X;) =
0, andBE(X?) is bounded, then S,/n — 0 with probability
1, where S, X1 + Xo+ ... + Xpo

4. State and prove the Central L1m1t Theorem for the
i.i.d. case.
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1. (20%) The random variable is said to have a Pareto distribution with pa-
rameter a,b (a > 0,b > 0) if its density is '

4]

f(x;a,b)=m'b)—aﬁ, z >0,

where F(z;a,b) denote the corresponding cumulatve distribution function
(CDF). Let X, ..., X, be independent and identically distributed (itd) with
Pareto distribution f(z;1,1). '
(i) Find the limiting distribution of random variable V,, = max(X;,..., X, a)/m
(i) Let X1) S Xy £+ S Xw) be the order statistics of {X;,1 < i < n}.
(a} Prove that F(X,;a, b) has U[0, 1] distribution. _
(b) Find the joint probability density function of (F(X(y; a, b}, F(Xny; ,5))-
2. {20%) Let X,..., X, be a random sample from the distribution with prob-
ability density function (p.d.f.)

1
flz|) = ;e‘(“”")/", z2> 0= {p0)1€Rc>0.

(i) Find the maximum likelihood estimate(MLE) of 4 and o.
(ii) Find the MLE of P(X > t), where ¢ > .
3. (30%) Let X,,..., X, be a random sample from the distribution uniform on
the interval [0, 8]. '
(i) Find the sufficient statistics for f, denote it as 71, and find E(T).
(i) Show that T} is a consistent estimate of 8.

(iii) Let mean square error
MSEy(T) = EglT(Xy, ... Xn) = O

be the risk function of an estimator T and admissibility is defined with
respect to the mean square error. Is T, an admissible estimator for g?
Prove or disprove it.

(iv) Consider the estimator T3 = (n + 1)min(Xj, ..., Xs). Show that T3 is
an unbiased estimator of # and find an UMVUE estimator through T3,
and explain it.
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4. (30%) Let Xi,...,X, be a random sample from the distribution. N (g, a?)‘

with known o2

(1) Consider the situation of testing the simple null hypothesm agmnst the
composite alternative hypothesis

Hy:p=0, vs. H:p>0
Find an uniformly most powerful test for testmg Hy against Hl on
significance level o
(ii} Consider the situation of testing the composite nuil hypothesis against |
the composite alternative hypothesis '
Hy: <0, vs. Hyip> 0.
Find an uniformly most powerful test for testing Hy against H; on
. significance level o, if there is any. If there isn’t any explain why.
{iii) Consider the situation of testing the s1mple null hypothesis against the
composite alternative hypothesis
Hy:p=0, vs. H su#EQ.
Find an uniformly most powerful test for testing Hy against H, on
significance level g, if there is any. If there isn’t any explain why.

(iv) Discuss the above three testing problems when ¢? is unknown.
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Entrance Exam for the Ph.D Program of Scientific Computing

Six questions with the marks indicated.

1. (15) Describe convergence and stability for numerical meth‘ods., give relations between
them, and provide examples to explain your answers. : S

2. (15) Given 26 English Capital letters, A,B,..,Z, n standard fonﬁs. Describe the
methods of recognizing a new character to be one of those 26 letters.

3. (15) Describe the singular value decomposition for the matzix A € ™%, m > n, and
prove that the singular values are non-negative.

4, (15) Derive the error bounds for the trapezoidal rule in two dimensions:

B hk = :
-[0 ./l; g(_ﬁ: y)dzdy _4‘(9(0’ 0)+g(h, 0)+ g(0,k) + g(h, k).

5. (20) Consider the systemn of ordinary differential equations,
dil

E+Aﬁ=f,

where fis known and @(0) is given. The matrix A is symmetric and po_sitivé definite. Provide
truncation errors, and derive stability analysis for the following scheme:

,w'n-i-'i —

1 =1
T A L) =z,
where w™ is used to approximate & at nAt.

6.(20) Given an original image {¢;;} and other two images, {u;;} and {v;;}, consisting of
256 x 256 pixels with 256 greyness levels. Form a linear combination

{wii} = afuii} + B{vi;}.

Provide a numerical method to seek the parameters o and § such that the combined image
{w;;} is best approximate to the original image {¢:;}-

P.S. In Questions 3-5, suppose that the solution is smooth enough.
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Answer all the following problems. Here R and C denote the sets of realand_domplex_-
numbers respectively. A

1. (10%) Show that a compact set K C R™ has to be closed and bounded. . .

2. (10%) Show that if ¢ is a continuous real function on (a,b) such that for all -

z,y € (e,0), 1 1
HEEE) < S9() +500)

then ¢ is convex on {a, b).

3. (10%) Let f € L'(R), g(z) = /2% f(t)e™dt. Show that g is continuous at

z=0.

4. (10%) Find a complex mapping that maps the set {zeC: |z <1, Rez>
0, Im z > 0} onto the half-plane Re z > 1.

5. {(15%) Show that if (an) is a sequence in R, and limp 0 n —ge R, then

lim a1+ag+...+an=a

~—+00 n

6. (15%) Let x and v be two positive measure on R. Show that if 4 is absolutely

continuous with respect to v, and the two measures are mutually singular, then

p=_0

7. (15%) Let H be a Hilbert space with inner product <,> and norm [ ff =
V< J,F >. Suppose M = span{di,¢s,...,¢Pn} be the subspace spanned by
é1,...,0, € H. Show that for any f € H, there exists a unique A € M such
that

17 ~hl=minlf ~ gl
8. (15%) Let 2 be an open subset of C, and f : Q — C is differentiable when {2
and C are viewed as sets in R2. Define
e .0 = 1.4 .9
_2(318 Ia—y-), 3—5(-5;+16—y .
Show that f is holomorphic on  if and only if 8f(z} = 0 for all z € §2.
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1 (20 points). Prove that if G is a finite graph which is not corhplete and A(G) 2 3, then
x(G) £ A '
“2 (20 points). Without using Lovasz perfect graph theorem, prove that ¥(G) = w(G) f Gis a
bipartite graph.

3 (20 points). State and prove Euler’s formula for planar graphs.

4 (20 points). Suppose G isa bipartite graph. Prove that if A is an eigenvalue of the adjacent

matrix A of G of multiplicity m, then — ) is also an eigenvalue of A of multiplicity m.

5 (20 points). ‘Suppose m > 2n are positive integers. An n-subset A of the set {1,2,---,m} is
called stable if for any two elements ¢, j of A, 2 < |i — j] £ m — 2. What is the total number of

stable n-subsets of {1,2,---,m} ?




