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) ’Scy;/’ase (N, F) 1o a measure space. S e a 7Zavz-ﬁ/gaﬁ‘ye
sreasurable /ftmaﬁm. Answer -Mia/fo//aafﬁy /Ques/ffbn:
Sy Pe][me V(A)% Sdw . AeF  Prove Fhat Ve a weéasuke.

(n _\z’f j[ /s a zzozz—zte&?a?ﬁ‘m ;zzea;um&/{ /wch?‘a,-z, /Drove fﬂ’af
/‘fdv’-'jj[cra@c | |

.Lm) .}’/ jf % izzzggraé/e ' ?zal‘ wHecessari é" }zazz—zgad‘ye) a);'z‘/z }‘ey?ecf
1o V. f/ZER j Jd 4= _/7221;9)%5/6 Wik )’eyecxf' 7o A .

(=) »S'u?p/?ose (N, F) is a measurable s/owce : [A;lj”fa c 7

(i) ,‘“Z)[ P “He a_/nznfa,éjﬁé/ Zeasuye: .. 72921
Lo i <Pl A =P [t An).

G Ij[ A 42 an mﬁ,‘z‘m(r/u measure fhem -

Ji;n:/éf (An) —é/élzjvz;—.n/qnj 773? 220 Be /7‘&!9_ |

G,'Ve oL cacm,{e}’ @Y??/?}DA’-

(%) frove ffefa//oaf/‘?z/? adjferenf Version yf'Sﬁoy /‘”"% /aye
Numbers. Kandom variables are 0/?/"”"”( on (7LD

(1) Xi,Xz,‘"*Xn are',i-,_{.a’ )’-V; with E{/K‘é(:ﬂ_ Z(X)= . Jet
_ ;S)n = -?;E Ao 7%@7& L?% —> /7 6()//% /Jv"ﬂééléfﬁiﬂ/ ovee.
an -lyféu‘e on{éy assume That E(K)<ve, the result in (1 Js sAitf

/‘{?"H €.
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G”j :f/[ X, X fn are Aand 5;;999/6’ random varables (re A my
Aakes va/ue.s an Xy, A, v J(’k) Zj-[ Z_(/)f)=722.' 7%€n '
tS\nA —> 7 _w‘c‘z‘/z /aro,éaé,‘/;éu g€ .

(). Jot Nl=(o, ']._ //?/ we () can be M/Ndéw( ae a ;fyao/;‘c expansion |
for Lxamp/e, - W= 0.875 can be @x/rmd ae '

/ _
wW=0.2/100-- :'fé{%;{%?¢0+---;d&7j

. . o ﬂ{k
- I"jem’rw@ W= odde, where ol =0 or [, 7EANS //J=K% 2,; .
Vot F de the Bovel d-f'e/Jyfﬂ. and /ef'/D be ;f/e /e/eﬁue_

Heasie -

| De//fne n (W) =k /!j‘ Oﬁz(w)'f‘ﬂf(,/(w)f-" = Aygaras (w)z—o but %?fﬁ(ﬂf):/.
/ﬁj}ove Hhe ﬁ//aw-fy result %ﬂ Borel Cantells Lemmwa .

(i) L”@Jt An" {Wéﬂ : »an(w):]\}_ 'Then.[){w: An rnﬁn;;{el(? f][;(‘en‘}=/l
() Lot B {wels w2 @+8)logn . €-e.

Then P{W: Bn fnf‘nd‘elg off?njz 0.

(2) Suf/)ose Xi Yoo and X are aandem varables a/y//moa( on a
- Probability space (27 L) /[ ft% a mzféz.ﬂw\ajfam, o .
/Davve Zhe ﬁ//awﬁ resuld : |
) ij Yo Conyerges 1o X a-€ z%e;zf(/rn) cam/eries 23/()() a.c.
an :z/[ N converges D X /ht/no/aé,%? Hhen Fiin) converses
o SO0 i pavbabifify-
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1. Let Y7, Ys and Y3 be independent exponential(A;)
F (W) = Aiexp(—Aw), ¥ 2 0,0 > 0;i=1,2,3
and Yx, > Yx, > Yx, where (X;, X5, X3) is a random vector of a

~ permutation of 1,2 and 3. Show that (20%)

‘ A Az, |
P(X1=$1,X2=$2’X3:$3):,\ 4—/\34-)\ 3 r)‘
) £y T &y ) A4

2. Let X be a random variable having a continuous CDF F'(2).
(a) Show that if X > 0 a.s., then (10%)
BX = ["(1- F(z))da.
(b) Show that in general, if £.X exists, then (10%)

EX = fom(l — F(z))dx - ]—Ooo F(z) dz.

3. Let Xq,...,X, be i.i.d. from N(0,0?%) distribution, where > 0 is a
parameter. Find a minimal sufficient statistic for # and show whether
it is complete. (20%)

4. Let X1,..., X, be i.id. having log distribution
Flz) = —(logp) To~ (1 — p)*, z=1,2,..;0<p <L

(a) For n = 2, find the UMVUE of p*. (10%)
(b) For n = 3, find the UMVUE of P(X = k). (10%)

o

. Let Xi,..., X, be iid. from
folz) = 07 exp(—2/8), x> 0,0>0.

Find a UMP test of size o for testing Hy : 6 < 8, versus H, : 0 > 8.
(20%)

et sty ¢ 2T
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Entrance Exain for the Ph.l) Program of Scienlific Computing

Six questions witl the marks indicated,

1.(15) A double root 2™ of Lhe nontinear equation f(z) = 0is given by f(a*) = 0, fi(«") =0
and f"(z*) # 0. Suppose that Lhe real computation is carried out hy S8 + og{F) = 0,
where g(Z) = O(1), and § is the rounding errors of compuler, Cive stability analysis for the
approximate solulion Z, '

-2. (15) For Lhe integral ful Ffledz, write down Lhe composite Stmpson rule of integration
and its error order with respect Lo Lhe maximal section length b, Moreover, give a reasounable
explanation for such an error order.

3.{15) Consider the initial value problew of ordinary differential equations {ODEs),
y = f(z,9),x 2 0; y(0) = yo.

Give the midpoint schene, derive the local errors aud provide stability analysis.

4.{15) Choose iteration metlods Lo solve the nonsingular linear algebraic equations: Ar = b,
where 4 € B*** ¢ B*, b e R* Let the matrix A be split as A = £ + T with [ € B and
T € K", and construci ihe ileration method:

Eppr = 2 = (Lagp +Tag -+ b), &> 0,

where z¢ is an initial vector.
(1) Give the sufficient and necessary condition of convergence of the given iteration method.
(2) Prove them, :

5. (20) Describe a method for finding the minimal eigenvalue of matrix 5714, where
watrices A and I are symmeliic and positive definite. Moreover, provide error analysis.

6.(20) Consider the Poisson equalion:

Pufz, y) L Oulx, )

B da? Dyt b= fey) in S,

with the mixed type of Lhe boundary conditions:
1 I gt { Ou 4 }I g
3 = — = 1 vl = s
'n Gty i . g2,
where n is the outnormal 10 95, & > 0 and 85 = Pp U 1'g.

(1) Describe the linear finite element method(FPEM),
{(2) Give briefly errar analysis,
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Problem 1 carries 15 points and Problems 2-6 carry 17 points each.

(1) Suppose that {f.} is a sequence of non-negative measurable functions on a
measure space (X, F, p). Show that

f Z Jodp = Z/ frndpt.

n=1

(2) Let {4} be a sequence of measures on the measurable spaces (X, F). Sup-
-pose that there is a set function p such that limy, e pn(F) = p(E) for all
E e F. Prove or disprove: u is a measure on J. '

(3) Let (X, || - ) be a normed space. Show that X is a Banach space if and
only if every series {x,,} in X with 52, [|x,]| < oo converges.

(4) Let f be holomorphic on a connected open set €, and Z(f) = {z € Q:
f(z) = 0}. Show that Z(f) = Q, or Z(f) has no limit point.

(5) 1 < p < oo, prove or disprove: The unit ball of L2(R, u) is strictly convex,
ie., if || fll, = llgll, = 1, f # g, b = 3(f +g), then ||2]}, < 1. (The surface of
the unit ball contains no straight lines.)

(6) Suppose that f € L(]—w,n]) and let, z = re?,

Plf](2) 2f (8,5 F(1)
-where P-(6,1t) is the Poisson kernel

eit -+ z) _ 1—92

»(0,1) e(ezt_z 1—2rcos(0 — t) + 2

Show that P{f} is harmonic in the unit disc.
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L (15 points).  Prove thal any graph & has a subgraph £ which is bipavtite aud [E(H)) 2
[£2{GH /2.
2 (20 points).  (a) Prove that iF & has wovertes and more than @2 /4 edges, then & has o vernex
@ such that G - @ has move than (0~ 1%/ cdpges,

(b} Usc the above result, prove by induction that if au p vertex grapls ¢ bas wove thid
n? /4 edges then 7 contains a triangle.
3 (18 points).  Prove that every townament (an oviented graph in which dhere s exactly one
direcied edge between avy pair of distivet vertices) contains a divected Thamilion path.

4 (10 points).

vty 2 —dan 2 -4 2 -0

Y
!
I

Xy Ayt wy by oy < W0 2 —1,

5 (15 points). State and prove Euler’s lornula for counected plane graphs.
6 (15 points). Prove thal every Ky-[ree planar graph is d-colorable.

7 (10 poinis).  Prove that a mateliog 47 of a graph & is maxinuon if ancd oy il there 13 Lo

angmetiting path with vespect to Af.
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