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Do alf the problems in detail.

(1) If the independent random variables X and Y satisfy (15%)
Pz g <e

for some ¢, then their distribution functions F and G satisfying the inequal-

e Flz—e)—e<Gz)< Flz+e)+e

(2) State without proof the Kolmogorov’s extension theorem. (15%)

(3) Prove or disprove: [E(|X[?)]Y? > [E(|X|9)}j*? for 1 < p < ¢ < co. [15%]

(4) [20%)

(a) Prove or disprove: Convergence almost surely implies convergence in L. -

{b) Prove or disprove: Convergence in L! implies convergence in probability.

(5) Let X be a random variable with Pr{X = —1) =1 and Pr(X =1)=1

2
and X, = (—1)"X. Show that X, converges to X in distribution, but not in

probability. _ [15%)]
(6) Let {X,} and {¥.} be two sequences of independent random variables
with 1 '
PriXa=1)=PriX,=-1)= 2
Pr(¥y=1)= Pr(Ya = ~1) = (1 = )
m=4= i ) n2’’
and

PriYo=vn+)=Pr(¥o=—vn+l)= %;

Let 5, = ¥ %oy Xk amd 7, = 7., Vi Prove or disprove the Iollowing:
(1) S./n converges to zero a.s.
{ii) T./n converges to zero a.s.
(iii) S, /+/n converges to N(0,1) in distribution.
(iv) T%./+/n converges to N(0,1) in distribution. [20%]
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@ F W= min (L Lh - Lin) 72 545,

by 2= min (L, L L) B 545
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15L
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b %ﬂ%/]’:% z power

F G X X Yo aid ﬁ/?’/é Ss6)= 6" xe(on, 670,
A (0= —é, % #h A J® o undiased wetimator 1 2L
Vo ance )(L%?AJ Cmmer/?ao ko Jower bound. 204

1, c 1
5 ABZ 1, tao 7% 260 yandem variadle. P(A=R)= e KLY

# B : ﬁ){?iﬁﬁ%’]’ (BA#SEAHALHE) A2 % /7
l ‘ .
i 1 %;’LL L Uz,'":% )L,;‘,J U-nijfo\rm (o,1).
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Grab s  EIEXIERBEE, 3FIT5. Fralg A
. @ State avd T(o\te, the Aitken’s A process 1o accelerate f.mo,ay]g,
C,o\n\!&’fawt seciuence,
® Show that Ajtkens a© 5 equence convevges +to the limit {aster
than oriaihml se7u9hce.
2. (M Wyite doww Laaranﬁe Formula and Aewton divided clifferences formla
for folanow\\o\\ inter‘:olamn(j Foo at %o X, o, %a . Whal s  erver 7
D Derive Tra\rezuio(d Rule for numerical ihte(?mt\on with erroy fermala .
5. State how T use () normal 2quation @ QR faclorizatir | @S‘vnjvt‘«rq

value dfecomrosi‘taw to slve discrete linear least _f?um’ES JWUHE/W_

SY—ttolr\ the P'rob'S‘S.
4‘.‘ Prove the following e eclwivmlwt fov nun matvix A |
@ ’fur all (_/\,J:) tihe (z‘s,a:) ehtva og A& c_owe/rge; t% & 9§ -E;-—)mJ
@ 'fz-".ﬂ I\/ﬂil\ =¢ Hfovr afl wmetvix norms -, ]
@ $F¢ctva\ rnding  PLA) < , @ {;Q,;: /:\f% =p ¥ n dimengional variorx;
DD Derive Tulers method to solve {%’H)‘ fee, 'att))lte fa.b] i
{a)
with  local fruncatio ervor, d A
® APPIE} Eulers wmethod +, solve {%’(t)z §te) tefe, 1, i
yeor=o,
and camrm’e the wnumevical solutien To  axact soluliom . i
Whet gots Wfbha?
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Problems 1—6 carry 10 points each and Problems 7 and 8 carry 20 points each.
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1. Let X be a compact space and Y be a Hausdorff space. Show that every
one-to-one continuous mapping from X onto ¥ is a horueomorphism.
2. Let (X, d) be a metric space and {z,} bea Cauchy sequence in X. Sup-
pose that {x.} has a convergent subsequence. Show that the sequence
{z.} itself is convergent.
3. Given a bounded measurable function f {0,1] =3 Rand € > 0. Find
a continuous function g :{0,1] -—— R such that
m{e € [0,1]: /() - g(s)] > e} < c.
4. Prove that il a subset A of [0,1] has measure zero then
A=z € 4}
has measure zera, too,
5. Show that the most general Mébius transformation from the upper half
plane to the unit disk can be written in the form
w=e" I H
Z—u
6. Suppose that f is a real-valied differentiable function on [0,1]. Prove
that its derivative function f’ is Lebesque measurable on [0,1].
7. Prove that if a real-valued function [ is integrable on [2,8] and
f f(t)dt =0
for all & in {a,8] then /() = 0 a.e. in [a, ).
8. Let u, be a non-decreasing sequence of measures defined on a measur-

able space (X,.4) in the sense that pn(A) T 1(A) for all A in A.

(a) Prove that  is a measure on (X, A) with.}respect to which all e,
are absolutely continuous.
(b) On any fixed set A of finite # measure, let f, denote the Radon—

Nikodym derivative of ftn. With respect to u. Prove that almost
everywhere (with respect to u, and thus all pa}on A, f, 41
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