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Do all problems in details.

1. (20%) Find P(X > 2Y) if X and Y are jointly distributed with pdf f(x,y) = = + v,
0<2<1,0<y<L.

2. (20%) Let X1,..., X, be a random sample from the probability mass function p(x) with an

unknown parameter #:
02, it x=1;
plry =< (1-0) if x=2
20(1 —0), if x=3.
(a) Find the maximum likelihood estimator (MLE) of 6.
(b) Calculate the observed Fisher information at MLE.

3. (15%) The survival time (day) is collected for 8 patients with advanced lung cancer as listed

below:
655,2031,92,2211, 11,293, 167, 284+,

The plus sign indicates the patient still alive at the end of the study. Physicians wished to
determine if the median survival time was longer than 180 days. Perform an appropriate

hypothesis testing at 5% level of significance and draw conclusion accordingly.

4. (15%) Find a sufficient statistic for p if a random sample Xi,..., X,, coming from a
1
distribution with density f(x) = §exp_|m_“|, x € R. Is the statistic complete for this

distribution or not?

5. (20%) Let {X,} be independent Bernoulli(p). Set X,, = > | X;/n. Show that

vn(X,, — p) — normal(0, p(1 — p))  in distribution.

6. (10%) Which one (and only one) do you think is the most important concept in statistical
inference? Describe that concept intuitively, i.e., using as few formulas as possible. Also

explain why the concept is so important for model validation, decision making, etc.
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1. [14%] Suppose that f : R — R is continuous and that both limits lim,__. f(2) and
lim, o f(x) exist and are finite. Prove that f is uniformly continuous on R.

2. [14%] Let f be a real-valued differentiable function on [—2, 2] satisfying f/(—1) < f/(1). Show
that for any number ¢ in the open interval (f/(—1), f'(1)), there exists a pint x¢ € (—1,1) for
which f/(xg) = c.

3. [14%] Given a non-negative and continuous function f on [0, 1], define f,, on [0, 1] iteratively
by fo = f and

o) = / L0dt, n=0.1,....
0
Show that f, — 0 uniformly on [0, 1].

4. [14%] Let {an} be a positive sequence with > a,, divergent. Prove that the series

a
Z 1 +nan

also diverges.

5. [14%)] Prove that the equation
2+ +y+sin(@? +9%) =0

determines a unique solution y as a function x near the point (0,0) and that this unique
solution is differentiable at 0. Find the derivative y'(0).

6. [15%]| Let f and g be both real-valued, Lebesgue integrable, and non-increasing functions over

[0, 1]. Show that X X X
/Ofgz/o f~/0 g-

7. [15%)] Suppose that f:[0,1] — R is Lebesgue integrable and satisfies

1
/ f@)a™de =0, n=0,1,2,....
0

Prove that f =0 a.e. on [0, 1].

End of Paper



